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1. Introduction 


This note is concerned with the attempt to generalize a contact transformation 
as defined by Lie, in two natural directions; one may consider a geometrical 
transformation preserving contact of the m* order between any two hyper- 
surfaces—instead of first order;—and one may also consider transformations 
preserving contact of the first order between varieties of lower dimension than 
that of a hypersurface. What we shall prove is that both attempts fail; more 
specifically we shall show that a contact transformation of order m (m > 1) is 
essentially the (m — 1) extension of the ordinary contact transformation; 
and that a contact transformation between varieties other than hypersurfaces is 
essentially an extended point transformation. 

A special case of the first theorem was proved by Vessiot in Actes Cong. 
Interbalkan Math., pp. 43-50 (1935). ' 


2. Hypersurfaces with m* order contact 


Let V,, be the n-dimensional arithmetic space referred to a coérdinate system 
zt. Let S and S’ be two hypersurfaces in V, having the point x) incommon. S 
and §’ have contact of the m* order at x if—and only if—every curve through 
% in one hypersurface has contact of the m** order with the other hypersurface. 
It therefore remains to define m** order contact between a hypersurface and a 
curve. Since we are concerned only with local properties of curves and hyper- 
surfaces we assume that the point 2» in question is not singular and that the 


functions involved are sufficiently regular in the neighborhood of 2. Let a - 


hypersurface S be given by f(z) = f(zo) and a curve C through x by x* = z(t), 

where (2) are not all zero and x'(to) = xi and (42) are not all zero. 
Zo to 

We say S and C have contact of order m at 2 if 


(2.1) (2). = 0 for k = 0,1,---,m, 
~0fork=m+1. 


The individual equations in (2.1) depend on the equation chosen for the hyper- 
surface and on the parametrization of the curve C. But the set of equations is 
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invariant under change of equation and change of parameter. Expanding 
(2.1) we get 


of 

2 2 a a 


where the partial derivatives are evaluated at x» and the total derivatives at t . 
If g(x) = g(x) is the equation of a hypersurface S’ having contact of m* 


k 
order with S, € ne) = 0,k = 0, 1,---, m for any curve C satisfying 
to 


(2.1); that is, 


ag _ 

(2.3) a9 dx* da? ag 0 
dt dt | dt? 


evaluated at 2 and t , must be consequences of (2.2). 

Let Pa, Pas; *** Pa;---a, be a set of numbers of which we know that p, are 
not all zero, the others being symmetric in all their subscripts; we call such a set 
of numbers the components of a contact element of order m. From (2.2) and 
(2.3) it follows that S and S’ will have contact of m* order at 2» if 


Ja = Kfa (k a 0), 
Jas = kfas + kafs + 


2.4 


We thus see that pa, Pag, +++, are homogeneous components of the contact 
element, homogeneity being defined by (2.4). 


3. Contact transformation of order m 


Let Tm be a non-singular point transformation in a space whose points are 
described by coérdinates pa, Pap, 
T Da, Dag, *** Pay---am) 
Di... = Bi,...4(2, Pp) k 


Let f(x) = f(a) be a family of hypersurfaces in V,, such that in the neighborhood 
Uo of xo there is one hypersurface of the family through each point 4. This 
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family of hypersurfaces and T’,, define a point transformation in Up which carries 
a point 2% into % and the contact element p(0) into p(0), given by 


(0) = po) 
B(0) = p(2o , 
Since 2% is an arbitrary point in Uo, 


is a point transformation determined by T,, and f(z). We assume that this 
transformation is non-singular, the condition on f being | A.%* | # 0 where 


(3.2) + Pag aps + Pasy + +++ 
the p’s being computed from f(z). It should be observed that Aa 2‘ involves the 
contact element of order m + 1. 
The point transformation (3.1) under the above restriction will carry the 
family of hypersurfaces f(x) = f(xo) into a family f(z) = f(Z) where 


I@ =f@ 


in virtue of (3.1). However, the element 9;,...:,(K = 1, --- , m) as defined by 
T,, will not in general be the contact element for f. We say 7'm is a contact 
transformation of order m if j is the contact element for f for any hypersurface 
subject of course to the restriction | A.z* | ¥ 0. 

Since the variables p involved in 7’, are not a unique set of components of 
the m** order contact element, the functions involved in this transformation 
must be such that when *, pa, Pas --- are replaced by x“, kpa, kpas + kaps + 
ksPa,+-+, &, pi, Diz +--+ are changed to an equivalent set of components. 
This means that @* must be homogeneous of degree zero in the p’s—homogeneity 
being defined by (2.4). We shall say that our transformation 7’, is canonical 
if for any hypersurface f 


a‘f 
= (k =1,---,m). 


The transformation 
= 
Di = k(x, p)pi, 
= K(x, p)pis + p)pi + 


is a contact transformation which leaves every element invariant; hence geo- 
metrically it is an identity transformation and we shall show that any contact 
transformation 7'» is the product of an identity transformation and a canonical 
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Tm. It is this canonical 7, that is the (m — 1)™ extension of the ordinary 


contact transformation. 
The necessary and sufficient conditions for T’,, to be a contact transformation 


may be obtained from the fact that 


af dz _ 
at”? 
aziaz’ dt dt az dé? 
19 
must hold because 
af 
ax* dt’ 
fda" _ 4 
az? dt dt aa 
. dt dz 
where xz and are related by (3.1). Replacing a as °°° by means of (3.1) 
we get 
Aad’ = kpa 
(3.3) 


Aad’ + Pi = kpas + kaps + kape, 


as the necessary and sufficient conditions on 7. If we introduce the identity 
transformation 


R= 
(3.4) In i, = 
— BS. k 
= Dij k; i Pi 


we get a canonical transformation 
= I m* 


where C,,, may be singular, since J, as a transformation of codrdinates, may be 
singular. The conditions on C,, corresponding to (3.3) are 


pidat = Pa; 


(3.5) | 
Mak + pi Aa = Pas; 
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where | A.Z'| # 0 since (@ = @) and we shall show that C,, is non-singular if 
T,, is. Operating on the first set of (3.5) with dg we get 


hat’ + = Appa = Pas, 
so that the second set of equations are equivalent to 
(3.6) Bij Mak; = Aapi. 
From (3.6) we get 
Ap Biz Mad’ + = Agdadi, 


treating 2, Pa , Dag --+ a8 independent variables. Since Z, p are functions of z 
defined by the transformation (3.1) we get 


so that 
(3.7) Die Mak = 
and so in general we get 
Dp = Pa 
(3.8) 


Bi,..-in = » r = 1, ere 1, 


as the necessary and sufficient conditions in order that C,, should preserve 
contact of order m. Recalling that A.x* involves pa,...an4, equations (3.8) 
break up into two sets 


Dz' 
Pi —— = Pa; Di =0 
"Des 

where 
a a 
+ Pas + +++ Ope 


D 
—_—— and —— is given b 


(3.10) ( D D a = 
OD Da Dz* apy;--- 
where bg. 2” is 1 or0 according to whether 7 --- Ym is or is not a permu- 


tation of Bm. Applying this commutator we get, because of the 
first set of (3.9), 


The commutator of the two operators 


az’ ap: De Dp, 
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and from (3.9) for \ = 1 we have 


Hence, since 6(73,: i, is a non-singular matrix, we have 


(3.11) Pi = 0. 


From (3.9) for \ = 1 we get 
7m) az’ He Opi ) Opi; De _ Dpi az’ 0, 
and for \ = 2 we have 
: Da« Daz OD 


Hence 

ag’ aD; 
3.12 = 

( Bi 

By repeated application of this commutator process to equations (3.9) we reduce 

them to 


ODa 7k 
az’ OD; 
3.14 _ Dp; = k =2,.---+,m, 
_ sDpij az” ap 
(3.15) = k =3,---,m, 
and so on, where 
De _ de 
Det + Pas + 
The integrability conditions of (3.13) can be obtained in the form 
(3.16) (c*,2")=0, (pe, Ps) =0, (pa, 2) = 95, 
(u, v) being the Poisson parenthesis, and 


Let x* stand for the variables 2’, .-- , 2", pi, «++ , Pn and — for Z* and 


consider a linear transformation defined by 
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be a tensor whose components in the Z codrdinate system are é4g , defined by 
the matrix i I i) where I is the n rowed identity matrix. Then 


ax? ax> 
and because of (3.16) we find that ¢« is the same matrix. Hence a eg 1 and 
=A 
the matrix | = is non-singular. It therefore follows from (3.17) for h = 1 
that 
az’ api 
= 0 =0 fork>1. 


Therefore C, is the (m — 1)** extension of a homogeneous contact transfor- 
mation and is non-singular for those values of pas for which 


az* az" 
+ Pas aps 


~ 0. 


We therefore have 

THeorREM 1. The most general contact transformation of order m for hyper- 
surfaces is the product of an identity transformation and the (m — 1)* extension 
of a contact transformation of order 1. 


4. Contact of order one between varieties of dimension n — r 
Let f°(z) = f’(a), o = 1, ---, r be a set of equations defining an S,_, through 


the point 2» , iz being of rank r. A curve C x‘ = 2‘(t) through 2% will 


dt ax* dt 


= F'(fo) with | a ~ 0 represents the same variety S,_,, the contact element 


(of the first order) p{? is determined to within a non-singular matrix kf i.e. p&? 


and kip.” define the same geometrical element. We again consider a non- 
singular transformation 


have contact with S,_, if (z )) = 0, that is, if on 0. Since F’(f’) 
to 


= pir(a, p®, ---, p). 


§3 we apply the transformation 7” to a family of varieties = (a0) 
Such that 


(4.1) = #(s, af” 
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is a non-singular point transformation, i.e. such that 
Di _ af? ag 
is a non-singular matrix. This point transformation will carry every such 


variety S,_, into S,_, given by = f’(%) where f’(#) = f’(x) because of (4.1). 
A curve C will be carried into C and T? will be a contact transformation if ¢ 


=t 


and S have contact whenever C and Sdo. This means that p{” = = 0 when- 


ever Pa 0 and since pe a must have k;Pa for 


arbitrary values of pS. Hence the necessary and sufficient conditions that 
T’ must satisfy to be a contact transformation are 


The integrability conditions of (4.2) are 


ak ak 
(4.3) pe — 


Since the transformation 7” is non-singular, the equations 
az a az r 
d. ax dx + aps dpa 
= age 4 
Pi = + ap. dpa; 


must be uniquely solvable for dx* and dpe . Multiplying the first of the above 
equations by ce and the second by oo and subtracting, we get because of (4.3) 


Ps 
oP da’ — apt = (% + % api) pi da ke —, 
Ops az" Op; dps 


when is the matrix inverse to k. Since this must hold for arbitrary values of 

dz and dp we get 

(4.4) 
Ops Opi 
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From (4.4) for \ # we have = 0 and since for a given kh, --- ke 
can not all be zero it follows that aa = 0 and hence from (4.4) that 
(4.5) 
Ops 


Hence z‘ are functions of z alone, and | = ~ 0so that the equations of 7” are 


# = Bi = kya 


We therefore have 

THEOREM 2. The most general contact transformation in V,, for varieties of 
dimension n — r (r > 1) is the product of an identity transformation and the first 
extension of a point transformation. 

We may combine these two theorems into a more general one, the proof being 
analogous to the two used above. 

THEoREM 3. A transformation preserving contact of order m between varieties 
of dimension n — r in V,, ts essentially the (m — 1)* extension of the contact trans- 
formation of Lie if r = 1, and if r > 1 the transformation is essentially the m* 
extension of a point transformation. 
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MEROMORPHIC CURVES 


By HERMANN AND JOACHIM WEYL 
(Received February 9, 1938) 


A meromorphic curve € in the k-dimensional projective space R with the 
homogeneous codrdinates 2 , 21, , 18 obtained by setting up --- , 
z,/%9 as meromorphic functions of a complex parameter z ranging over the whole 
z-plane (excluding z = ©). R. Nevanlinna’s theory of meromorphic functions, 
as the case k = 1, may be extended so as to yield a similar theory of mero- 
morphic curves for any number k of dimensions. We follow a simplified method 
developed by L. Ahlfors.’ 

Sections 1 and 2 are concerned with preliminaries about projective geometry 
and the local behavior of a meromorphic curve. 


1. Distances and Means in Projective Space 


In describing & + 1 numbers 2, 21, +--+ , %% a8 components of a vector in 
(k + 1)-dimensional vector space, we convey our intention to study only such 
relations as are invariant under non-singular linear transformations 


(1.1) = (i,j = 0, 1, eee 
in considering them as coérdinates of a point in projective k-space R we agree 


moreover not to distinguish between the set x; and the set px;, p being an 
arbitrary non-vanishing factor. With rare exceptions we shall use the projective 


terminology. 
A plane is given by an equation 
(1.2) (ax) = at; = 0, (ap, a1, +++, a%) (0,0, --- , 0). 
Its coérdinates a; transform contragrediently to the point codrdinates 2. 
l points z, 2’, --- , span a linear (J — 1)-spread --- ] with the co- 
ordinates 
Vin» Vig» » Viz 
(1.3) eee = Zin» Liss 


A set x(I) of skew-symmetric numbers 2;,...;, which under the influence of (1.1) 
transform in the same manner as (1.3), is called an (J — 1)-complez in projective 


1 Soc. Sci. Fenn. Comm. Phys.-Math. 8, No. 10, 1935. 
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geometry, where only their ratio is taken into account. The spreads shall be 
called special complexes. The complexes are points in a projective space R; of 


dimensions. The linear form in R; : 


is denoted as (a(l), z(1)) or (ax); and in particular as a(z, 2’, ---) for z(l) = 
Summation indices like ---, are always bound by the 
restriction 4; < #2 << 

The distance || ax || between a point z and a plane a may be introduced by 


The distance is a real number = 0 and S 1. It is invariant under unitary 
transformations (1.1). After an arbitrary transformation (1.1), the new 
distance || az ||’ differs from the old one || ax || by a factor lying between the 
fixed positive limits '/y and y/T for all a and z. [I and y are maximum and 
minimum of the positive definite Hermitian form 


under the restriction >> | 2; |? = 1. This amount of dependence of our unitary 
metric on the codrdinates will prove harmless for the applications we have in 
mind. 

The unitarily invariant distance [[xy]] between two points z and y is defined by 


It is again 2 0 and S 1. The factor it takes on under the influence of (1.1) 
lies between and (y/T)’*. 
Similar conditions prevail in R; . 


Xt = |e) = P 


is invariant under unitary transformations (1.1). The numbers I, 7: playing 
ths rile ta T,yin R are < and respectively. The sub-index 
always refers to the space R; . arying 

Let us examine the distance [[az]]; of a given point a(I) in R, from one varyi 
over the whole set S; of special points 
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We maintain that [[az]], takes on a minimum 6:(a) on S;. This follows readily 
from the possibility of spanning any given (J — 1)-spread x(l) by 1 unitary- 


orthogonal vectors x, x’, --- , 2» satisfying the relations 


1 (a = 
(a) 
Indeed, not only do these relations define a compact manifold in the space of 
the (kK + 1)l variables z$™ but at the same time, by implying | x(1) | = 1, they 
do away with the denominator in [[az]],. 6:(a), the distance of a from S, , will 
be positive and not zero if a itself is not special. Thus in that case 


[[ax]], = 6:(a) > 0 (for all in 
The unit sphere ©; , 
(1.6) Joo |? + =1 


in the Euclidean space whose coérdinates are the real and imaginary parts of 
ao, 01, +++, a, may be called the unitary k-sphere. Of any continuous func- 
tion Y(ao , a1, --- , a.) we can form the average 


my= vla)des: deo 


over the whole sphere ©; , dw. being its volume element at the point a. Because 

the metric of the sphere is invariant with respect to real orthogonal transforma- 

tions of the 2(k + 1) real coérdinates and thus a fortiori with respect to unitary 

transformations U of ap, --- , a, , Our averaging process is invariant under U. 
Two vectors (a9, --- , ax) and (8), --- , Bx) form a unitary pair if 


(1.7) > aa; = 1, > BB: = 1, > a6; = 0. 


The locus of the unitary pairs is a manifold GG, of 4k real dimensions in the 
4(k + 1)-dimensional Euclidean space with the real and imaginary parts of 
a; , 8; as its codrdinates and 


| doo |? + | dow |? + | + + | 


as its metrical ground form. GG; is invariant under unitary transformations li 
. cogrediently applied to a and 8 and therefore homogeneous. As the study of the 
infinitesimal neighborhood of 


a = (1, 0,0, --- , 0), = (0, 1, 0, --- , 0) 


at once reveals, it is therefore a differentiable manifold free of singularities and 
thus, by virtue of the imbedding Euclidean space endowed with a non-degenerate 
metric, invariant under U. Its volume element dw.,s allows us to define an 
averaging process m extending over SG, which has the same property of 


invariance. If the process is applied to a function ¥(a) depending only 
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a anc not on 8, we maintain that its effect will be the same as by taking the 


average of ¥(a) with respect to a alone ranging over S,. We state this fact as 


Indeed, the set of all points (a, 8) on SS, for which a lies in the given element 
dw, will have a certain volume G(a)-dw.. From the unitary invariance it is 
evident that the function G(q) of a is actually a constant G independent of a. 
This observation proves our lemma. 


We shall have to use the mean value Jt of the particular function 


1 
1.8 1 
(1.8) 


LEMMA 2. 
1 


log 


isaconstant independent of (ao, -- , tx). 
This is an immediate consequence of the unitary invariance of || az || and of 
the process 9. Therefore our mean has the same value as for x = (1, 0, 


,0) or 
Bike 
a | | 
Incidentally one easily computes 
Our result may be stated in the form: 
M log | + --- + | = log |x| + const. 


This remark that the averaging process changes the modulus of the linear form 
%% + --- + a,x, under the logarithm into the unitary length | z |, 


+---+ | af, 


will be of great importance later on. 
Let us further compute the mean I* of the same function (1.8) over the 


unitary (k — 1)-sphere ©,_;(a) cut out from S;, by a plane: 
(19) + = 0, + lal? = 1. 
In returning to our former dual standpoint where a is taken as a plane rather 


than a point, one will describe this process as averaging over all planes « through 
a given point a. 
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Lema 3. M* log log + const. 
|| a2 || [[azr]] 


Proor. On account of unitary invariance one may assume 
(1.10) a@ = 1, 


We then have ap = 0 on G,_1(a), M* is the mean over the sphere S;_, , 


fou [P+ = 1, 


and on 
(Joa? + + fax + + 


By Lemma 2, applied to k — 1 instead of k, the mean of the first part is a con- 
stant. The second part, which is independent of a, equals 


log pe 
[[azx]}? 
for (1.10). 
2. Local Investigation of a Meromorphic Curve 
In order to accomplish complete symmetry in all codrdinates we prefer 


to define a meromorphic curve € as follows. To each value z = % of the param- \ 
eter z there are ascribed k + 1 function elements ' 
(2.1) = = + — 2) + = 0,1,---,h) ( 
such that ir 
(2 
(2.2) (Co, i, -+-, Cx) (0,0, --- , 0). 
We are free to replace x;(z) by p(z)x.(z) with a common factor 
pe 
(2.3) p(z) = po + — 2%) + (po # 0) 
not vanishing at the center z. (c):--- : cx) is the point z = 2 of the curve. fol 
The elements corresponding to a value 2; sufficiently near to 2 are obtained dir 
from (2.1) by rearranging the power series according to powers of z — % (direct the 
analytic continuation). We assume that the curve lies in no linear subspace of R. (2, 
A given linear form with constant coefficients a; , si 
(az) = ao-to(2) + + (ao, +++ on) (0, --- 
will vanish to a certain finite order h = h(zo; a) = Oat z = 20. his the multiplicity - 


in which the plane « cuts the curve © at z ; the multiplicity obviously is not 
affected by the arbitrary gauge factor (2.3). 
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The curve may be looked upon not only as the set of its points, but also as 
the set of its tangents (1-spreads), its osculating planes (2-spreads), and so on. 
By means of the elements (2.1) and their successive derivatives x'(z), x'’(z), «++ we 
form [zz’ --- with the components 


;,(z), +++, 
(2.4) =| 24, (2), 


and thus obtain a meromorphic curve ©; in R; : this is “the curve € considered 
as the set of its (J — 1)-spreads.’’ The definition is based on the fundamental 
fact that a change of gauge z,(z) — p(z)x.(z) has upon the determinants (2.4) 
the effect of multiplying them all with the common factor p’. 1 is any of the 
numbers 1, --- ,4 + 1. However one has to be careful in that, contrary to the 
convention (2.2), all the elements (2.4) might simultaneously vanish at 2 by 
containing some common power (z — %)*'. Only after removing this power do 
we obtain those elements 


(2.5) 2i,...4,(2) = + (2 — 2%) +--- 


which define our curve G; in the vicinity of z and whose initial coefficients 
¢i,...i; do not all vanish. We reserve the notation 2;,...;,(z) for these expansions 
(2.5) while the determinants (2.4) are denoted by [rz’ - - -]i,...4, ; we have 


[2(2), ++ = (@ — 


When we are to determine the multiplicity h; = h:(zo ; a) of the intersection of a 
“ ” 
plane 


in R; with ©; at the point z we substitute the expansions (2.5) in the left side of 
(2.6). In other words, the fixed zero of order d; which 


possesses at 2 = Z independent of the values of the coefficients a does not count. 

According to a well-known method, the local investigation is carried out as 
follows. Sticking to the hypothesis that © lies in no linear subspace of less 
dimensions, we can ascertain a suitable projective codrdinate system such that 
the expansions 


(2.7) m=l+..., 
start with terms of ever higher order: 

We use the differences 


& = 0, a=fi-h, =fe—fi,---, ee = fe — 
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The point z = 2 of the curve Cis then (1:0:---:0). A plane (ao, a, , 
a) with ao ~ 0 does not pass through this point and hence its multiplicity of 
intersection h(zo ; a) = 0. But all planes through the point cut the curve at % 
at least f, = 1 times and in general (i.e. unless the a@ satisfy further linear con- 
ditions) not more often. ¢ > 1 indicates that the point of the curve is sta- 
tionary oracusp. Hence we calle; — 1 = e:(z0) — 1 the local stationarity indez. 
In the same manner we study ©, at z. The expansion of the determinant 
(2.8) (i «++ = [x(2), 2’), -- 
begins exactly with the power 


of z — 2. Hence 


di=fot+ (i—-1)+---+ 
= — 1) + — 1) + --- + 14 — J), 


and the point z = 2 of the curve ©; has the coérdinates: 
= 1, all other = 0. 


Incidentally this shows that the point isin S;. Any plane (2.6) which cuts our 
curve ©; at all in z = 2, ao,1,...,.-1 = 0, cuts it there at least e; times and in 
general not more often, because all (2.8) except (0, 1, --- ,  — 1) vanish to the 
order 


at least, and (0, --- , 1 — 2,1) exactly to this order. Hence e; _ 1 is the station- 
arity index of €;. (A stationary tangent is called an inflection tangent; every- 
day language provides no terms for the higher J.) This argument shows that ¢ 
plays a two-fold réle: on the one hand the e; — 1 are the second differences of 
the fixed zero orders, 


= din — 2d; 4+ din =1,---,h), 
on the other hand e; — 1 is the I stationarity index. 
3. The First Main Theorem 


A plane a cuts the curve € in 


n(r;a) = h(z; a) 


lz|<r 


points within the z-circle of radius r. Let a, 8 be two planes. Application of 
the principle of the argument to the meromorphic function 


(3.1) (ax) : (Br) = + +++ + ante) : (Bote + + Bete) 


| 
1 
( 

th 
sli 
| 

| 
| (a 
3 
our 
| eve} 


of 


MEROMORPHIC CURVES 523 


results in the equation 


(3.2) n(r.a) — = r a, 

Integration by ¢ always refers to the z-circle of radius r, z = re’, and extends 
over the whole circumference from ¢ = 0 to 2x. We should like to split the log 
on the right side into the two terms 


log | (ax) | — log | (Bx) |. 


This will not do, however, in view of the fact that only the ratios of the a; and 
of the 2; have a meaning. Ahlfors’s trick by which he overcomes this obstacle 
(in the case k = 1) consists in replacing | (ax) | by the distance || ax ||. We are 
thus prompted to introduce the “compensating function”’ 


(3.3) m(r; a) = [ log 
(3.2) now states that 
a) +r m(r; a) = 


is independent of the plane a. When, after division by r, we integrate from a 
lower limit ro > 0 fixed once for all, we find 


(3.4) N(r; a) + m(r; a) = T(r) + ; 
with 


A similar notation shall always be employed: for any function ¢(r) we denote 
the integral of ¢(r)/r from ro to r by the corresponding capital T(r). 

In the relation (3.4) it is essential that the compensating term m(r; a) = 0 and 
that T(r) is independent of a. The constant term m(r ; a) is of relatively 
slight importance. We notice the inequality 


(3.5) N(r; a) S T(r) + m(r ; @). 


The function N vanishes for r = ro and is an increasing convex function of log r. 
Any function of r with these properties shall be called of regular type. For a 
given value of r the function m(r; @) is continuous in a@ except at the origin 
(a, +++, ax) = (0, «++, 0); but being homogeneous it is even bounded around 
the origin. According to (3.4) the same conditions prevail for N(r; a). 

Replacement of |(azx)| by || ax || has the disadvantage of introducing into 
our projective space a unitary metric dependent on the codrdinate system. How- 
ever, as we mentioned, a change of codrdinates modifies 


1 
log Taxl| and hence m(r; a) 


| 

| 
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merely by an additive term which remains in absolute value S log I — log y. 
Let us agree to call two functions of r equivalent (~) if their difference remains 
bounded as r approaches infinity. We then find that the function T(r) is 
practically, ie. in the sense of equivalence, independent of the projective co- 
ordinate system employed. The essential content of the equation (3.4) is 
better emphasized by writing it as an equivalence: 


(3.6) N(r; a) + m(r; a) ~ T(r). 


In the rational case, where one deals with a rational curve of order n, one has 
T(r) ~ n log r; for then 


N(r; a) ~ n'(a) log r, m(r; a) = n,,(a) log r, 


if n,,(a), n’(a) designate the numbers of intersecting points of the plane a at 
z = o and for all finite z respectively. It was in view of this situation that we 
called m the compensating function: in the meromorphic case it makes up for 
the lacking contribution from z = «©. In studying meromorphic functions we 
have no right to consider the infinite of the z-plane as a point; it is rather an 
infinitely large circle. The formula (3.6) is the analogue of the theorem that 
every plane cuts a rational curve at the same number of points. Therefore 
we call the function T(r) the order of the meromorphic curve ©. (Two curves 
are of the same order if their functions 7'(r) are equivalent.) 

This analysis clearly indicates that in the defect relations one must expect not 
the function m(r; a) but its mean over all planes a through a given point a to play 
the réle of the defect. We are thus induced to try two things: to average the 
fundamental equation (3.4) first over all planes a and then over all planes 
through a. Lemma 2 tells us that the average 


M m(r; a) = m(r) 
is a constant m°, independent of r. This result is important enough in itself; 


for it reveals the surprising fact that in the average the compensating term is ~ 0 
and therefore completely negligible. Together with (3.4) we obtain the equation 


(3.7) T(r) = N(r) 
where N(r) arises in the usual way by integration from 
n(r) = M n(r; a). 
Consequently the order T(r) itself is a function of regular type. 
When averaging over the planes a through a given point a one will introduce 
n*(r; a) = M*n(r; a) 
and derive from Lemma 8 the relation 


M* m(r; ax) = m*(r; a) + const. 


0 
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with 
Thus (3.4) is paralleled by 
(3.9) N*(r;a) + m*(r;a) = T(r) + ; a). 


We may apply all this to the curve €; instead of ©. The resulting equations 


Nilr; a) + a) = Tilr) + milro; 
(3.10) Ni(r) = T(r), 1, k) 
Ni(r; a) + mi(r; a) = + mi (ro; a) | 


constitute the first main theorem. All N’s are functions of regular type, the m’s are 
>0. The Nand mand T are practically independent of the coérdinate system 
although they are strictly invariant only under unitary transformations. When- 


ever a is not special, 
mi(r;a) log 1/8(a), mi(r;a) ~ 0. 


€; might well happen to lie in a linear subspace of R; of dimensionality < k;. 
In order to apply to ©; our theory developed for € we must modify the latter so 
as to cover a degenerate © lying in a subspace of R. The little changes needed 
in that case and their influence upon our further arguments will be discussed in 
the appendix. For the time being we treat €; as a non-degenerate curve in R;. 

4. Second Main Theorem 


We introduce the numbers 
v(r) = {e(z) — 1} 


of stationary (1 — 1)-spreads of our curve © within the circle|z| <r. The 
v(r) are the second differences of the 


u(r) = 2 d,(z). 


z|<r 


With arbitrary coefficients a;,...;,, 8; we form the meromorphic function 
= (az); : (62)' = a(z(z), --- , 2°) : 
and apply the principle of the argument: 


u(r) + m(r;«) — In(r; 8) = rf [ log | | ae}, 


Uilr) + Ni(r; a) — IN(r; B) = af log | ¢ | dg + const. 


| 

| 

| 

y | | 
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Add mi(r; a) — lm(r; 8) on both sides. On the left we shall get U(r) + 7,(r) — 
IT(r) + const., on the right 


log (X1:X') dg + const., 
Jo 


where 
Xi b | [x(z), hs 2 x’ | x4(z) 


Under the influence of the gauge factor p = p(z) both numerator and denomina- 
tor of X,:X' take on the same factor | p |'; the fraction itself stays unaltered. 
The V, being the second differences of the U;, we find it better to pass to the 
second differences of the equations just derived: 


(4.1) | Vilr) + {Tia(r) — + Tia(r)} = Ar) + Ci} (l=1,---,h). 


a constant and 
(4.2) a(n) = [ log (X14 X1-a:X}) de. 


For the extreme cases 1 = 1 and k one ought to take account of the conventions 
Xo = T(r) =. Trlr) = 0. 


The relations (4.1) which link the l-indices V(r) to the l-orders T',(r) constitute 
the second main theorem. V(r) is a function of regular type. 
(4.1) are the analogues of the equations 


+ (Mi — + = —2, 


holding in the rational case between the orders n; and the total numbers »; of 
stationary (J — 1)-spreads. Indeed, if ey denote the exponents similar to ¢ 
in the expansions (2.7) for the neighborhood of z = ©, progressing by powers of 
1/z, then ey — 1 are the local indices for that point, while one readily finds 


(4.3) log (X11 X11 : ~ + 1) log r. 


Vi(r) is ~ »; log r, where v; is the sum >, {e;(2) — 1} extending over the finite 
values z only. Here the e; — 1 appear throughout as the second differences 
of the d;. 


Their other meaning, as described by the word stationarity index, or by the 
equation 


(4.4) = e:( 
could be exhibited in this way. In R; we form, by means of the expansions 


(2.5), the integral 
1 


| 
| 
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extending over a small circle z — z = r-e around the center %. With r 
tending to zero, the integral will stay finite (be ~ 0) unless a coincides with the 
point c, 2 = 2, of the curve €;. In the latter case it is ~ e log 1/r. By 
applying this to the point z = © of a rational curve we find 


(4.5) mi(r;a) ~ ef logr or ~ 0 


according as @ is the point c, z = ©, of the curve or not. Since we are not 
allowed to consider z = © as a single point c in the meromorphic case, (4.3) and 
(4.5) suggest the following meromorphic generalization, 


(4.6) 0,(r) + mi(r;a) = —logr+---, 


where the sum extends over any number g of (J — 1)-complexesa = a", --. , a 
and --- indicates an “essentially”? negative term. The proof of this equation, 
which, as it were, is the analogue of the relation (4.4) for the point z = ©, must 
bring out what we mean exactly by “essentially negative.” For the validity of 
(4.6), the hypothesis that a”, --- ,a™ are distinct is certainly relevant. Beyond 
that, we shall be forced to suppose a”, --- , a to satisfy no accidental linear 
relation. (An accidental linear relation for a given finite set of points a”, -.- , 
a in a k-dimensional projective space is a relation between any p < k + 1 of 


those points, a, ... , a® say, 


4... 42,0” = 0 


with non-vanishing numerical coefficients \. Linear relations between more 
than k + 1 points are inevitable.) 
In §5 we shall deduce the estimate 


= — logr+---; 
in §6 we add the sum of defects m* as in (4.6). 
5. Estimate of the Compensating Term ., 
Let us first observe that 
(5.1) T(r) = log r — const., 


as follows at once from (3.4) by choosing for a a plane passing through the 
point 2 = 0 of the curve (or through any other point). The same inequality 
holds for T',(r). 


In our investigation we shall encounter functions @(r) such that \*(r) = 
exp (6(r)) gives rise by twofold integration 


Ar) = r*(r)r dr, A(r) = 
0 To 
to a function 


A(r) S$ cT(r) + (c, c’ any two constants). 


| 
| 
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This fact shall be expressed by 
(5.2) = 


If 6 = w(T') then the same holds for any function S @(r) and for @(r) + const. 
The implications of (5.2) may be exhibited more explicitly in various ways; we 
shall be content with one simple consequence. Let x now and forever be any 
fixed number > 1. From 


dr/r = dA/d 


it follows that the integral of dr/r is finite when extended over those intervals 
where 


< 1/A*. 


Outside these intervals we have } S A‘. In the same manner we find that 
“almost everywhere’, i.e. with the exception of a set of intervals over which the 


integral { dr/r stays finite, the inequality 
prevails. Hence almost everywhere 
6 = log « logA — 2 logr. 


Here x’ is like x itself any number > 1; therefore we may replace it by x. Taking 
‘(5.1) into account, we see that (5.2) implies the inequality 


O(r) S x log T(r) — 2logr 


almost everywhere. 
Again we study the meromorphic function (3.1), 


(ax): (Bx) = w(z) = w = 


We plot its values w on the w-sphere of diameter 1 into which the w-plane changes 
by stereographic projection. Let 


dry, = dwdw/(1 + wit)’ 


denote its surface element (spanned by the two line elements dw and o/—1dw 
at the point w). The function w(z) maps the interior of the circle | z| < rina 
one-to-one fashion upon a Riemann surface covering the w-sphere. We evaluate 
its area 2xf(r; a, 8) in two ways. First we have 


(5.3) f(r; a, B) = xf dy-r dr; 


on the other hand, since the poiat w is covered by the Riemann surface 


n(r; a; We — Byw;) 


f 
ull 
| 
Q, 
| 
(5. 
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times, 


f(r; a, B) = n(r; — dr». 


For the derivative w’(z) we find 


w'(z) = : (2 Bias)". 


i<j 
By averaging with respect to a and 6 over the manifold S©, described in §1, 
we obtain on the one hand for 


Mr) = a, 
the equation 
= [ dr 
with 


(5.4) 


on the other hand for 
ro r 
the relation 
A(r) = MN (r; — drw. 
ap 


When writing w in homogeneous form = w,/w2 we find it convenient to 
normalize by 


WD, + = 1. 


For given w; , w, the vectors 


(5.5) = ajWe — , n= aD, + De 
form a unitary pair just like a and 8, and in particular 
(5.6) = wid + wee = 1. 


Faced with the task of integrating a function ¥(&,---, &) with respect to 
a, B over SS, we may first substitute the variables £, » for a, 8 and shall then 
realize by Lemma 1 that 


(5.7) = = 


| 
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and even 
1 

a,B 2 g 
Hence | 
(5.8) A(r) = (r;£) = 3N(r) = 37(7). 
_ The logarithm is a concave function. Therefore for any positive quantities y 
and their average Ity with assigned positive weights, we have 


M (log y) S log (My). 
Let us apply this to (5.4) with y = Q’ and the average 


1 
m= 2 M --- dy. 
iT ap 
We get 


2x 
(5.9) [ M log Q’-de S log A* = 7). 
JO aB 


The problem of computing the mean m log Q for any two points z, 2’ has 


nothing to do with the curve and is fairly easily solved by the remark in §1 
that our means change the absolute values of linear forms under a logarithm 
into the corresponding “lengths.” Thus we shall derive the equation 


(5.10) mM log Q = —A + log (X2 : Xi), A = const. 


Indeed, on account of unitary invariance we may assume 
= (%,0, 0,---, 0), 
a’ = (2,21, 0,---, 0). 


Then log Q becomes 


| aoB1 — a1Bo| | | 
and we find (5.10) confirmed with 
A = A(k) = log — 
= log | ao Bi — aio | 


The result is_ 


= [ log : Xi) dp = 
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in particular 
A(r) < 5 log T(r) — logr 


“almost everywhere.” 

In the lowest case k = 1 our Q is independent of a and 8, and taking the mean 
becomes superfluous. This is Ahlfors’s procedure. The introduction of a and 
6 and the averaging process Mm are, however, inevitable for higher k; it is the 


essential new point in our treatment. 
We strike against a little formal obstacle when we try to carry our argument 
over from 1 = 1 to higherl. We first obtain 


Q = | a(z)B*(z) — a*(x)B(x) | : (| |? + | B(x) |?) 
with the abbreviations 


and then argue as follows. A recursive substitution with numerical coefficients p, 
ct = poy, 


= poy + my’, 
x” = poy + pny’ + my”, 


= poy + + 
changes a(x), a*(x) and hence Q(x) according to the equations 
a(z) = pra-a(y), = po - pra(pia*{y) + 
Q(z) = Qy) | pr: pa}. 
Consequently for points of the particular form 
zr =(m,0, 0, ---,90), 
a’ = (%,21,0, ---,0), 


= (x0, 21, Te, , 0), 


Q(z) becomes equal to | x{” | : | {47° | times its value 


- | ao Bo | 
| a |? + | Bo? 


Qo 


| 
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for the unit vectors 


a, a are the components with the indices 0, ---,2— 2,1 — landQ,..., 


— 2,1. 

The road is now open which leads to the relation paralleling (5.10), 
(5.11) log Q = —Ar + log Xia: Xi) 
with 


| ao Bi — a1 Bo | 
A; M log aol A(k;). 


In the latter expression a», a: stand for any two of the k; + 1 components 
We find again 


22,(r) = 


and in particular 
Q(r) < 5 log T(r) — logr 


almost everywhere. 

All inequalities in the following paragraph are understood not in the strict 
sense, but as holding almost everywhere. Omitting in our last relation the 
negative term — log r, which carries but little weight except in the rational and 
the lowest transcendental cases, we are for the time being content with the 
rougher estimate 


(5.12) < 5 log T(r). 
( 
From it flow a number of valuable items of information about the growth of 
the orders and indices. First we show that T, in (5.12) may be replaced by 
T = T,. Indeed, let us suppose we are in possession of the inequalities ; 
(5.13) < Slog 7, log T. 
We resort to our old equation T 
(5.14) ( )Vi + + mai} + 


= 1)%+--- + } + const. 


x = (1,0,0,---, 0), 
= 
xr’ = (0,1,0,--- , 0), 
xz” = (0,0,1,--- , 0), 


t 
e 
d 
e 


y 


(5.16) Vi< 
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On neglecting the V-part and making use of (5.13) we obtain 


Ul — 1) 
4 


(5.15) T, <1T + -« log T 


and hence 
log T; < log T + O(1). 


This enables us to replace log T'; in (5.12) by log T and thus to prove by induction 
first 


< 5 log T 


and then (5.15). As to the V-part in (5.14), the equation with 1 = k + 1 yields 
the best harvest, namely 


a fortiort 

+1) 
ik 


Roughly speaking, one may state these results (5.15), (5.16) as follows: It 
happens very rarely that 7',(r) is appreciably bigger than 1-7 (r) or that V(r) is 
k(k + 1) 
k-—1l+1 
of r). The mark for the transcendency level of the curve is set by the one order T(r). 
6. Third Main Theorem 


Our next goal is the relation 


(6.1) + m*(r; a) = log T(r) + 40(T). 


log T. 


appreciably bigger than T(r) (the “rareness” referring to the values 


The sum on the left extends over a set of g points a”, --- , a” without acci- 
dental linear relations. Following in the footsteps of F. Nevanlinna and L. 
Ahlfors, we replace the surface element dr, on the w-sphere by yu-d7~ with a 
certain density »». > 0 in calculating the area 2xf(r; a, 8) of the Riemann surface 
over the w-sphere. y may depend on a and £ in addition to w. However, we 
shall assume from the outset that it is a homogeneous function only of the 
combinations £; as introduced by (5.5): 


ulfo,---, &). 


The effect will be twofold: Q° in (5.4) will be replaced by Q’-u(Zi) where %, 
arises from £; = awe — Byw, by substituting 


B;x;(z) 


| 
af 

st. 


534 HERMANN AND JOACHIM WEYL 
for w, , W2 respectively; and the equation (5.8) will turn into 
6.2) AG) = MING; ale). 

We have 


and (5.6) implies 
On account of the inequality (3.5), 
(6.3) N(r; &) = T(r) + m(r ; &), 
(6.2) will lead to 
A(r) 3{CT(r) + C’}, 


C, c’ being the mean values 
C= C’ = 5 


and instead of (5.9) we shall get 
1 1 2x 
M log Q’-de + — [ M log = #(T). 
Jo ap 2r Jo a8 


We choose a continuous positive monotone function g(r) defined for 0 <r <1 
which tends to infinity with r — 0 in such a way that the integral 


| = Qn g(r)r dr 
over the unit circle | z | S 1 remains finite. An appropriate choice will be 
(6.4) g(r) = (toe 
with some constant c > 1. We then specify 
(6.5) = IT ag 


On account of the singularity of g(r) for r = 0 one has to examine carefully 
whether the integral 


6.6) = | de 


2 
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over the &sphere is finite. Once the finiteness of C is secured, C’ will follow 
suit since m(ro ; €) is a bounded function of the ¢. Taking the convergence of 
the integral J for granted, we obtain 


+ log o(P.)-de = 1) 


with 
p> (a:B; — — a;2,) 


In particular, for (6.4), 
1 2x 


= Mog (log ¢ log P.) de, 


By the method often employed one gets 
m log Pa = log [[az]] — B 


(6.7) 


where B is the constant 
[BoP 


Hence the left side of (6.7), apart from an additive constant, equals twice the 
sum 


%(r) + m*(r; a). 


For the individual term in the >. on the right side, we again resort to the 
concavity of the logarithm and we obtain 


Bi og (og — log P.)de log Milog c — log dg 


= log {const. + m*(r; a)} < log {const. + T(r)}. 
The resulting equation (6.1) holds good for the higher J. These “defect’’ 


constitute the third and most important main theorem. We repeat that we 
assume the q points a, ..- , a® to which the sum )., extends, to satisfy no acci- 


| 
4 
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dental linear relation. Since m7 (r; a) is a bounded function of r unless a is 
special, it is reasonable to restrict the formulas to the case where the a are 
(1 — 1)-spreads rather than complexes. 

We still have to show the convergence of the integral (6.6). For that purpose 
we may without loss of generality assume g 24+ 1. The q planes 


(6.9) (ta) = 0,---, ta) = 0 


cut the é-sphere up into a number of cells. According to our hypothesis of the 
linear independence of any k + 1 of the forms (6.9), each vertex of the cell 


division is the intersection of exactly k of those planes, whose numbers (p,, --- , 
px) serve to characterize the vertex. We make use of the “dual” division where 
each vertex , , Px) is surrounded by a corresponding cell 3(p,, --- , p,). 


For any point é of the ésphere we arrange the g numbers | (a) | in increasing 
order; § belongs to 3(pi, --- , px) if the k terms p = p,, --- , py (in any order) 
come first. We now determine an upper bound for the part J(3) of the integral 
(6.6) extending over 3 = 3(1,---,k). As each 


|| || (p =k +1,---,Q) 


has a positive lower bound’ in 3 we may at once cancel all the factors in (6.5) 
following the first k factors. By a linear transformation we make 


(ga), , (ga); 


the codrdinates £,, --- , & ; &. The Hermitian metric groundform will then 
no longer have the normal form >>| ¢& |’. Of this change we take care by 
means of the constant y/T' mentioned in §1. The old argument || a” || written 
in the new variables will then be 


The non-homogeneous coérdinates 


$1 = Se = &e/bo 
are of modulus < 1 within 3, and consequently (6.10) is 


with 


? In the most explicit way one sees this as follows. By introducing (a), ---, (ga), 
(a>) as k + 1 new independent variables and by expressing the &; in terms of them one gets 
an inequality 


Among the k + 1 terms in the sum on the right side the last one is the biggest in 3; therefore 
\(ga)|2 > 1/(k + 1)A in 3. 
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in 3. Hence we obtain for J(3) an upper bound equal to a constant multiple 
of the k** power of 


0 


Appendix 
We study a degenerate curve © lying in a certain subspace R’ of lower dimen- 
sionality h than R. After a suitable unitary transformation we may assume 
that this subspace is described by 


= 0,---, = 


The function elements 24:1(2), , 2e(2) vanish identically, whereas 2(z), --- , 
a;(2) satisfy no linear relations with constant coefficients. For a given value r, 
N(r; a) will now depend in a homogeneous manner on the h + 1 coefficients 
a,-++, @ only and will become singular, though staying bounded, for 
= =a,=0. The same will hold for m(r; a) provided we define || az ||’ 
in R’, i.e. by 


h 2A h 
i=0 t=0 


For points z in R’ this differs from the corresponding expression in R only by 
the constant factor 


| ao |? + + lox)? 
| |? + eee +] a |? 


Hence the old m(r; a) will equal the new one plus half the logarithm of that 
constant. The modification has no influence upon 7(r). But it is important 
that the inequality (3.5) is correct with the new m(ro ; a) which is bounded with 
respect to the parameters a. 

As a matter of fact we shall stick to the hypothesis that € is non-degenerate 
or that R is the linear space of lowest dimension containing €. However, we 
must be prepared to have ©; degenerate. Let R; be the sub-space of lowest 
dimensionality h; containing €;. We can not operate in R; throughout. In 
estimating 2; we had to use vectors a and # ranging over the krsphere rather 
ay hrsphere; A; in (5.11) is = A(k;), not = A(h,). But in the inequality 


Nir; &) Tir) + mi(ro ; §), 


and its subsequent application we make use of the modified m;, (defined in R:) 
Which is a bounded function of the parameters ¢. As tothe final result (6.8) it is 


reasonable to limit oneself to points a in R; since m7 (r; a) ~ 0 for points outside 


| | 
| 
y 
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The local investigation yielded as a byproduct a simple proof of the well- 
known fact: The Wronskian 


wo(z), «++ te(2) 


of k + 1 analytic functions 2(z), --- , 2:(2) does not vanish identically unless 
they satisfy a non-trivial homogeneous linear relation with constant coefficients. 
Let a, a’, --- , a” bel planes in R. On applying the Wronskian theorem to 
the J functions (ax), --- , (az) one finds that ©; will not lie in any plane 


in whose coefficients a;,...;, are special, 
l— 


From (2.7) it follows that h; + 1 is at least as big as the number of numerically 
different /-sums 


(7.1) fa tha tha < te < < ty) 
which may be derived from k + 1 given different numbers 
By a fairly easy combinatorial argument’ one thus concludes 
hi = Uk —1 +4 1). 
Simple examples show that the lower limit is actually attained for some curves €. 


INSTITUTE FOR ADVANCED Stupy, Princeton, N. J. 
University oF URBANA, ILL. 


3 Indeed, let us string / beads on a vertical wire with (equidistant) halting points 0, 1, 
-+» , k running from top to bottom (k + 12 1). The beads, as they follow each other 
downwards, shall be labeled 1, --- , 1. They are movable and can occupy the nodes i = 0, 
1, --- , kon the wire. A position is described by the marks i. which the several beads a 
occupy; i: < ig << -+- <i. At the beginning of the game they shall be at the top: a = 0, 
ig = 1,-++,%;=1—1. A-simple move consists in moving one bead down one step while 
the others stay put. The problem is, by a series of simple moves to bring all the beads to 
the bottom where they will occupy the last 1 marks. It can be done, for instance, by first 
dropping the lowest bead, then the next, and so on. The number of simple moves needed 
is obviously /(k — 1 + 1) because each bead has finally moved down k — 1 + 1 steps. If 
(ii, «+ , i) are the 1(k — 1 + 1) + 1 consecutive positions encountered in any such game, 
the corresponding number (7.1) increases by each move. 
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THE ITERATED EXPONENTIAL INTEGERS 


By E. T. 
(Received January 17, 1938) 


1. We define the iterated exponential integers &“” (m, n = 0,1, ---) by 


(1.1) = exp 2, = exp [E,,(x) — 1], 


the exp () in (1.2) being symbolic (after expansion, the n‘* power of ¢” is 
replaced by ¢). Obviously, Z,(x) is convergent for all finite x, and £”". = 
 ~ 1. In (1.10) it is seen that ¢°” is an integer > 0. In §6 another system 
of intergers (not all positive), »{”’, closely related to the ¢{”, is briefly noted. 
Most of the numbered statements in §§2-6 are theorems. 

The £°” have remarkable arithmetical properties, discussed in §§3-5. If 
these integers are arranged in an infinite rectangular array, ¢°”) being in row m, 
column n, the array has a species of double periodicity modulo p, p prime. 
The periodicity for n depends upon the expression of n in the scale of p, and is 
quite intricate; that for m depends upon n, but is otherwise simple. For given 
m,n the structure of the residue of £°”” mod p can be determined in a straight- 
forward, non-tentative manner by the general theorems in §3; numerous appli- 
cations of §3 are given in §§4,5. Many of the special theorems are remarkably 
simple, for example, the striking result (4.5). 

The é<” are intimately connected with the Stirling numbers of both kinds: 
with those of the first kind through Lagrange’s identical congruence (1.9); with 
those of the second kind through (1.10), proved in (2.7), which gives the struc- 
ture of the array. Not enough is known of the arithmetical properties of the 
Stirling numbers to be of assistance with the ¢&”’, and we obtain their arithmetic 
from the congruences in §3, which are characteristic for these numbers and the 
m. In investigating the arithmetic of the ¢%”, we find an apparently new 
algorithm, that of difference congruences, analogous to linear difference equa- 
tions, the sufficient method. 

With the exception of the ¢{?, the ¢“” do not seem to have been considered 
before. The case m = 1 of £%” suggests very little for m > 1, although it 
Provides valuable checks on numerical calculations. 

The £,” are of interest in combinatorial analysis and elsewhere, and have 
been frequently investigated; their simpler properties have been rediscovered 
many times (1) (references at end of paper), by the authors cited, among several 
others. Incidentally, the numbers K™ of d’Ocagne (1) are merely Stirling 
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numbers (2) of the second kind, and all of the results in his paper had been 
obtained by numerous English writers (following Herschel) about thirty years 
earlier, together with many further properties. Dobifiski’s result of 1877, 


where ¢ has its usual meaning, has been ascribed to Euler, but without a specific 
reference. It is an immediate consequence of (1.10), and there are similar (but 
more complicated) summations involving £&”, m > 1. Catalan’s problem of 
1838 (loc. cit. (1), p. 508-16, vol. 3) of finding the number of different products 
of n factors is similar to Epstein’s (1) of finding the total number of decomposi- 
tions of an integer into coprime factors where, instead of Catalan’s sequence 
1, 2, 5, 14, 42, 132, --- , the sequence where 1, 2, 3, --- distinct primes are 
concerned is 1, 2, 5, 15, 52, 203, ---, that is, 9”. Catalan’s numbers first 
appeared in Euler’s and Segner’s problem of finding the number of partitions of a 
rectilinear n-gon into triangles by diagonals. In my previous papers (1)-the 
connection between the ¢\” and partitions was noted. A combinatorial inter- 
pretation of £{” is given by Whitworth (loc. cit. (1), p. 97); a readily grasped 
interpretation of the same sort is that ¢°” is the total number of possible rhyme- 
schemes for a stanza of n verses. Some of Touchard’s (1) results for £{” are 
noted presently. 

The definition and notation in (1.3)-(1.8), (1.16) are fixed in the sequel. 
(1.3) m, n, r, 8, p are non-negative integers; p is prime; x, y are real or complex 
variables. 
(1.4) A is the operator of finite differences; 


Ag(xz) = + 1) — o(2); 
= mn 0. 
(1.5) A polynomial in z, with rational coefficients, which takes only integer 
values > 0 for all integer values = 0 of z, will be called integral. 
The A”0"/m!, mn # 0, are the Stirling numbers of the second kind; they are 


integers > 0 if m S n, and are equal to zero if m > n. The Stirling numbers 
of the first kind are the coefficients in the expansion of 


(1.6) (x), = 


To avoid trivial exceptions we define (z)) = 1. Note that Jordan’s (2) notation 
(x), for the usual factorial x“ is used here to prevent confusion with af 
Thus (an important instance for the sequel), 


in which the rt power of £” is to be replaced by ¢‘” after expansion of the 
right, according to the usual procedure in the symbolic (or umbral) calculus (3); 
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(1.8) f(z) denotes an arbitrary polynomial in z, or, if the series is convergent, a 
power series in 2. 

In using the umbral calculus, all indicated algebraic operations must be 
completed before exponents are degraded to suffixes, and the exponents 0, 1 
must be treated precisely as exponents > 1. For example, ¢‘” does not denote 
¢”)}, which is &)”, but is the umbra of the sequence £5") (n = 0, 1, --- ), or of 
the one-rowed matrix &”, ---). Similarly, is written )°, and 
is 1, but not for the algebraic reason that 2 = 1. 

Extensive use will be made of Lagrange’s identical congruence 


(1.9) = — x mod p, 


which will connect the ¢&” with the Stirling numbers of the first kind; the 
connection with those of the second kind is given by 


(1.10) (wt) -> A’ n> 0, 

proved and generalized in (2.7). As ged remarked, (1.10), with ¢” = 
¢” = 1, gives the structure of the array for £”. It is to be noted that the 
proofs of the theorems on congruences go through only because (1.9) is identical 
(=), that is, coefficients of like powers of x on opposite sides of = are respec- 
tively congruent modulo p. The congruences for the £“”, derived from exten- 
sions of (1.9), are not identical; hence the notation = mod p is used for such 
congruences. Touchard’s (1) congruences for the ¢°”, in particular 


(1.101) gan = + mod p, 


from which all for the ¢{ follow, are obtained incidentally as special cases 
(m = 1) of the general congruences for the ¢&”’, and have been used to furnish 
numerical checks. It will be seen however in (2.6), (3.4), that (1.101) is so 
special as to be anomalous in the general theory. 


We give here for future use some simple consequences of (1.9), and prove 
first. that 


(1.11) (x) = (x? — x)™(x), mod p. 


The congruence holds for m = 0. If m > 0, without loss of generality we 
may assume 0 Sn <p. Suppose first thatn > 0. Then 


mp+n—1 


= I] (x 


= [2(@-1)---@—pt or (x — u) mod p, 

= [(x),]"(z), mod p, 

(x? — x)"(x), mod p, 
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the last by (1.9). If » = 0, the second product is absent, and (1.11) holds in 
this case also; which completes the proof. 

From (1.11) we get the reduced form of the most general case. By the 
congruence properties of binomial coefficients, 


(?) = omod », O<r<pD; (2) = (2) = 1 mod »; 


whence, by complete induction, 
(1.12) (2? — 2x)" 
Applying this to (1.11) we find 
(1.13) Ifm= ps m;p'? is the expression of m in the scale of p, 


+1 
— mod p. 


(x) m = I — mod p, 


the product being vacuous if ¢ = 0. 
If the coefficients f(0), A* f(0)/s!, s > 0, in the factorial expansion 


fa) = 0) + 


of f(x) are integers, (1.11) gives 


and therefore 


> 410) (ents a) A‘f 


s=1 


(x? — x)’ [f(x) — f(0)] mod p. 


Using (1.11) again we get 
(1.14) If f(0), A’ f(0)/s!, s > 0, are integers, 


(2? 2) = 0) + mod p. 


Consider now an integral polynomial P(x), as defined in (1.5). We may 
write P(x) in the canonical form (a/b)z° Q(x), where a, b are coprime integers 
> 0, cis an integer = 0, and Q(z) is a polynomial in z, not algebraically divisible 
by «, with integer coefficients whose G. C. D. is 1, which takes integer values > 0 
for integer values = 0 of z, by (1.5). Hence 


P(e +9) =F (e+ + 


= 5 + yS(x, + wh 


We 
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in which S(z, y), T(x, y) are polynomials in x, y with integer coefficients. Thus 
Poe +») = Pe) + of ») | 


the term in [] being a polynomial in z, y with rational coefficients which takes 
integer values for integer values 2 0 of z, y since P(x + y), P(x) take integer 
values > 0 for integer values 2 0 of x, y; the coefficients of R(x) are integers. 
Hence we have 
(1.15) If the integral polynomial P(x) is (a/b)x° Q(x) when written in canonical 
form as above, and if p (prime, as always) is not a divisor of b, then 

P(rp + s) = P(s) mod p. 


(1.16) A prime which divides b in (1.15) is called exceptional for P(zx). 
2. In this section we obtain the fundamental recurrences from which the ¢°” 


may be calculated and from which, in conjunction with (1.13), (1.14), arith- 
metical properties will be derived in §§3-5. By (1.1), (1.2), 


exp (¢"*” z) = exp [exp (¢ x) — 1]; 
whence, by differentiation with respect to z, 


Equating coefficients of x” we have 


(2.1) (nt) gm 
and thence, by the usual processes of the umbral calculus, 


of which (2.1) is a special case. 
Applying Herschel’s expansion 


fle) = fa) + + ayer 
to (1.1), (1.2), we have 
exp (2) = 14+ = (exp (¢a))0". 


Equating coefficients of x” in the last gives (1.10). ' 

The next is obtained by the symbolic method in finite differences and the 
imbral calculus, but may be proved at greater length otherwise. If |x| < 1, 
vemay replace x by log (1 + x) in (1.1). Then 


(1 + = exp (¢™ 2), 


| 
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and hence, by equating coefficients of x” 


(2.3) = 
the notation on the left being the factorial in (1.7) with m replaced by m + 1. 


This relation is fundamental for the arithmetical properties of the ¢"”. 


A radical distinction between the ¢{” and the er”; m > 1, may be noted here. 


This is rooted in the fact that ¢° = 1, and hence &{°¢6” = 0) But "E" x 
(™ ifm > 0. By the previous oun. (2.2), (2.3) for m = 0 become 


(2.4) = fle +148), = 1. 
For x = 0, the first of (2.4) gives 
(2.5) +1) = 


Write ¢° = a for the moment, and consider the function F(a) = (a)nf(a). 
Then (2.5) is af(a) = f(a+ 1). Applying this to 

F(a) = a(a — 1) --- + If(a), 
we have 

F(a) = a(a — 1)--- (a-— n+ 2)f(a + 1), 


and hence, by repeated applications in the same way, finally F(a) = f(a + n). 
That is, 


(2.6) SE) = FE? +n), 


a functional equation for ¢”. There is no similar functional equation for 


m>1. In (2.6) take n = p and apply (1.9): 
— = FE + p) mod p, 


if f is a polynomial with integer coefficients. Choosing f(x) = x” in this, we 
get (1.101). 
Continuing with the general case: (2.3) and the expansion of f(z) in factorials 
give 
s=] 


which becomes (1.10) for f(z) = x”. 
The following give the algebraic structure of the ¢°””. 
(2.8) =" =” = 1; 


(2.9) 2”, n > 1, is an integral polynomial of degree n — 1 in m, and is algebraically 
divisible by m + 1: 


= c(m + 1) P,(m), n> 1, 


_ tn which c is a rational number, if fractional in its lowest terms, and P,,(m) ts 4 
polynomial of degree n — 2 in m with integer coefficients. 
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In connection with the congruences we shall use the following instances of 
(2.9), proved presently: 
(2.10) &” =m+1, 
= + 1)(3m + 2), 
ei” = 3(m + 1)(2m + 1)(3m + 2) 
= + 1)(45m' + 70m* + 35m + 6), 
= + 1)(540m‘ + 1005m’ + 665m + 202m + 24). 
The assertions in (2.9) are proved by mathematical induction from (2.1), 
(2.8). The first two of (2.8) are already known from §1. The third follows on 


taking n = 0 in (2.1), when &}"*” = &{”, a difference equation whose solution is 


i" = 1, since £\” = 1, and hence in particular, |” = 1. Thus we attend only to 


(2.1) with m >0,n > 1. The expanded form may be written in this case 
n—1 

s=] 


with the usual notation for binomial coefficients. In (2.11) we take n = 2, 3, 
.». ,and solve the resulting difference equations, at each step using the results of 
previous solutions and (2.8). Thus forn = 2, 


replacing m by 1,2, --- , min this, and adding the results, we get 


and therefore, by (2.8), the first of (2.10). 
For n = 3, (2.11) and the first of (2.10) give 


whose solution is found as before, and is the second of (2.10). In the same way, 


— gf"? = 9m? + 4m +1, 
and, generally, for n > 1, 
(2.12) — = Q,(m) 


where Q (m) is an integral polynomial of degree n — 2 in m; the mathematical 
induction to prove (2.12) is immediate from (2.11) and the first of (2.10). Since 
the solution ¢°” of (2.12) is a polynomial in m of degree n — 1, by the elementary 
Properties of sums 1" + 2” 4 ... + m”, and since £{” is an integer, all of (2.9) 
xcept the algebraic divisibility by m + 1 is proved. From (2.12) and the 
frst of (2.10) the divisibility follows by mathematical induction. 

It follows from (2.8), (2.9) that the n term ¢%” of every sequence " 
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m = 0, is known when the n“ terms gs = 0,---, — 1, of the first n se- 
quences are known. For, by (2.9), 

in which ¢n1,--- ,¢ are constant rational numbers. In this take m = 0, 
1,---,n—1. Thency = £” = 1; the equations 

(2.14) + + + = Lm =1,---,n-1 


have non-vanishing determinant, and hence are solvable for ¢n1, --- ,¢. 
The solution sets an upper bound to the denominator of ¢ in (2.9). 

From (2.13) we see 
(2.15) For n fixed, > 1, &&” satisfies a linear difference equation of order n — 1 
with constant rational coefficients, 


Thus, for n = 3 the equation is 
gmt? — 266") + 3 


obtained from (2.13) with n = 3, on replacing m by m, m + 1, m + 2, and 
eliminating m’, m from the resulting equations (linear in m’, m). Similarly for 
any n > 1. The elimination can also be performed by using the recurrence 
relations for sums of like powers of the natural numbers. 


3. The fundamental congruences for the ¢{” are (3.1), (3.7), (3.12). In 
(1.14) replace x by ¢“”*” and apply (2.3) to the right of the result. Then 
(3.1) If f(0), A°f(0)/s!, s > 0, are integers, 


All indicated algebraic operations on the left are to be performed before 
exponents are degraded. As in the proof of (1.13), [ ] on the left can be reduced 
immediately, but we need not write out the result. For f(z) = x", n > 0, 
there is the useful special case 


For r = 0 this gives 
(3.3) gor? modp, 0, 


which is obvious from (1.10); for r = 1, 


(3.4) — = modp, > 0. 
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To complete (3.4), the following immediate consequence of (1.9), (2.3) is required 


(3.5) = go mod Pp; 
a difference congruence for the residue of é”” modulo p, whose solution is con- 


tained in the more general (4.4). 
In (3.1) take f(z) = (2)n, n > 0, and recall that A’(x), = (n).(x)n+, ns ¥ 0. 
Then all coefficients on the right vanish, except the last (=1), and we have 


which also follows at once from (1.11), (2.3). If = 0, the symbolic factorial 
on the left may be dropped, by (1.11). From the special case r = 1 of (3.6), 
(3.1) can be deduced. Forr = 1, n = 0, (3.6) gives (3.5). 

Here again we may note the exceptional character of the ¢\”. From (3.4), 
(3.5), (1.10) for m = 0, and &” = 1, we get (1.101); but there is no similar 
reduction of (3.4) if m > 0. 

From (2.1) we obtain another type of congruences for the ¢&”, by proceeding 
from (2.1) as in deriving (1.13): 


(3.7) + CEM) + mod p. 


To prevent possible slips in working with (3.7), we repeat the caution that all 
indicated algebraic operations must be completed before exponents are degraded. 
For example, from (3.7) with r replaced by p’, s = 0, and (2.8), we get the 
interesting result 


(3.8) — mod p. 

From (3.6) for n = 1 and r replaced by p’, we find 
— = mod p, 

and hence, by (3.8), 

(3.9) = mod p, 


m + 1 being replaced by m finally, since (3.9) holds for m = 0. This example is 
completed in (4.5), (4.6). 
To complete (3.2) we need the following immediate consequence of (1.11), 


(2.3): 


(3.10) — = mod p. 
In this replace r by p’. Then 
(3.11) — grt? = mod p. 


If after expansion by MacLaurin’s theorem of the functions in (2.2), x be 
replaced by p, we get 


(3.12) If P(x) is an integral polynomial in which no denominator of a non-integral 
Coefficient (if any) is divisible by p, 
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4. The general congruences in §3 are sufficient for a detailed investigation 
of the residue mod p of £&”. In this section and the following we shall obtain 
several specific results, from which the general procedure will be evident. The 
congruences in this section refer to the suffix n; the superscript m is considered in 
§5. To avoid repetition, (2.8) will be used where necessary without further 
reference, and all polynomials occuring on the right of congruences are integral 
(by the method of their derivation). If in working with one of the general 
congruences in §3, m is replaced by m — 1 for convenience, the new m is > 0 
until the final statement, when it is seen by inspection that the result holds also 
for m = 0, by (2.8). The notation p, m, n, r, s is as always; see (1.3). 

We prove first 


where P,,.(m) is an integral polynomial in m of degree 2r + s + 1; 
(4.2) Esayp = Q,(m) mod p, where Q,(m) is an integral polynomial in m of degree 
2r + 1. 

The proof will be by double induction on r, s from (2.9), (3.2), (3.6), (3.7), 
(3.10) and the following special cases, proved first, all of which will be used later. 


Q(m) =m+1, 
(4.3) Qi(m) = §(m + 1)(m + 2)(2m + 3), 
Qo(m) = + 1)(m + 2)(8m* + 31m* + 41m + 20); 
Poa(m) = 3(m + 1)(m + 2), 
Po(m) = + 1)(m + 2)(4m + 3), 
P,,(m) = &(m + 1)°(m + 2)(2m + 3), 
Pos(m) = y'5(m + 1)(m + 2)(8m + 2)(5m + 3), 
Py2(m) = zho(m + 1)(m + 2)(68m* + 211m? + 201m + 60). 
Poa(m) = + 1)(m + 2)(34m* + 159m® + 275m? + 212m + 60). 


In all proofs repeated use is made of the fact that 1" + 2" + --- + 7", 
nm # 0, when expressed as a Bernoulli polynomial, is an integral polynomial 
in n of degree m + 1. This need not be mentioned again, particularly in the 
inductive proofs. These Bernoulli sums for m = 1, --- , 10 are available in 
many places, and will be used in solving difference congruences without further 
reference. 

In (3.11) replace r by 0, 1, --- , 7, add, and in the result replace r by r — 1. 
Then 


(4.4) 
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This may be solved precisely as a difference equation, m being the variable. 
Thus, for m = 0 we get 

 =r+1 modp. 
Taking m = 1, and using the last, we get the congruence for ¢‘?, and so on; 
finally 


(4.5) ’) mod p. 


Forr = 1, this is the first of (4.3), and (4.5) is a generalization of (4.2) for r = 0. 
From (3.9), (4.5) we get 


(4.6) = (7 ') mod p, 


which for r = 1 is the first of (4.4), and which generalizes (4.1) for r = 0, s = 1; 
(4.6) is generalized in (4.24). 
In (3.6) take n = 0, r = 2, in order to get a difference congruence for £5”. 
Then 
— + = mod p. 


The value of £”*” is obtained from (2.10) and is m + 2; that of 4” (mod p), 
from (4.6). Hence 


— = (m + 2)? mod p, 


which is solved by replacing m by 0, 1, --- ,m — 1, adding the results, and 
noting that the congruence thus obtained holds also for m = 0. This gives the 
second of (4.3). A difference congruence for £°’. is obtained from (3.2) with 


r=l,n=2: 
pia” — = Et + mod p, 
and hence by (2.10) and the first of (4.3), 
oe? — ES. = (m + 2)(2m + 3) mod p. 


Solved as in the preceding example, this gives the second of (4.4). 
It will be helpful for the final induction to inspect an alternative derivation 
from (3.7) of the last. Taking r = s = 1 in (3.7), we get 


(m+1) 1 (m+1) 


the right of which, by the first of (4.3), (4.4), already proved, and (2.10), is 
“ongruent mod p to an integral polynomial in m of degree 2. Hence the solution 
of the difference congruence will be an integral polynomial of degree 1 higher, 
namely 3. Similarly in the general case. The right of the foregoing congruence 
reduces to (m + 2)(2m + 3) mod p, hence providing a check. 
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For the third of (4.4) we take r = 2, s = 0 in (3.7) with m replaced by m — 1: 
— = + ES” mod p, 
and hence, by previous results, 
Ena — Esper = 3(m + 1)(8m* + 13m + 6) mod p, 


of which the solution, found as before, is as stated in (4.4). 
The third of (4.3) is now obtained from (2.10) with r = 3 and m replaced 
by m — 1: 


— = — 2(m + 1)* mod p, 
on reducing by previous results; hence, by the third of (4.4), 
tsp — &3p = 3(m + 1)'(2m’ + 3m + 2) mod p, 


solved as before to give the third of (4.3). 
The fourth of (4.4) comes from (3.7) with r = 2, s = 1 in a similar manner; 
the step next to the last is 


= + + + 236 + 6) mod p. 


The proof by mathematical induction as outlined after (4.2) is immediate on 
noting the degrees of the integral polynomials on the right of the difference 
congruences to be solved on the assumption that (4.1), (4.2) hold up to any 
prescribed r, s. Thus from (3.10) we have 


m m— t m 
— = (-1) mod p; 


and hence if (4.1) holds with r = 0,1, .-- — = 2, 
t—1 


the right of which is an integral polynomial in m of degree 2t — 2. The solution 
of the last is therefore ¢{”” = R(m) mod p, where R(m) is an integral polynomial 
in m of degree 24 — 1. Hence (4.2) is proved on the assumption that (4.4) 
holds for the values of r specified above. From the expanded form of (3.7) 
corresponding to the special cases in proofs of (4.4), we prove (4.1) by a straight- 
forward double induction on r, s, keeping r fixed at a particular step. From the 
inductions we have also 
(4.7) Each of P,,.(m), Q-(m) in (4.1), (4.2) is algebraically divisible by m + 1. 
The most general result of the type considered in this section refers to the 
residue mod p of £%””, n > 0, when n is expressed as in (1.13) in the scale of p. 
By (2.9), a crude form of the residue is given at once as a polynomial of degree 
n — 1, and it is theoretically possible, but impracticable, to reduce this crude 
degree by repeated use of Fermat’s theorem and the arithmetical properties of 
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binomial coefficients. The crude degree is much too high; in (4.6), for example, 
itis p’ + 1, while the reduced degree isr + 1. In obtaining further results, it is 
convenient to take m > 0 till the final step, as explained before, and write 
” = B, ¢"» = ain (3.2), (3.6), (3.7), (3.10), (4.5), (4.6), which thus become 


(4.8) (6” — = mod p, 
(4.9) B)'(8). = Opi, mod 
(4.10) = a(a + + mod p, 
(4.11) (6? — 8)" =a,, mod p, 

(4.12) By = mod p, 

(4.13) Bory = ') mod p. 


To adapt these to the general n in ¢&”, r is replaced in (4.8)-(4.11) by an 
appropriate expression in the scale of p, when the new congruences become 
difference congruences of the same general type as those already solved. For 
example, to adapt (4.9) to 8, , where 


n=np 
0S #=1,---,j-1, j>1, 
we replace r by rjp** + rjs1p*” + --- + 7, and obtain 
— pr — — = ay mod p. 
The highest (symbolic) power of 8 on the left is 8", and hence 
Bn — a, = L(8) mod p, 


where L(8) is a linear function of 6’s with suffixes < n expressed in the scale of p. 
The last is a difference congruence for ¢{"”, m being the variable, whose solution is 


(m) = Le) mod p. 
s=0 


If the expressions as integral polynomials in m of the residues of the several 
terms of ¢{" in L are known, the sum can be obtained by using Bernoulli poly- 
homials, as before; if any of the residues of the ¢{” are not yet known explicitly, 
the processes are repeated on them, and so on, using (4.8)—(4.13) and any results 
already found. The effect of the initial substitution for r is to precipitate all 
possible reductions of the crude degree by Fermat’s theorem and the properties 
of binomial coefficients in one reduction. At any step there are usually alterna- 
tive ways of proceeding, according to which one of (4.8)-(4.13) is used. The 
determination of the desired residue is effected by the solution of a chain of 
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difference congruences, the solution of a particular congruence in the chain being 
used in that of some subsequent congruence. We shall illustrate the process 
for n = 3p’. 

To obtain the residue of £2 mod Pp, we take r = 3p in (4.11), to produce the 
desired suffix The left is then — p”)*, and hence 


Bap2 — = 3Bop2+p 3Bp2+2p + Bsp mod Pp. 


The first and second terms on the right are not yet known; their suffixes direct 
us to take r = 2p + 1,7 = p+ 2in (4.11). The third term is known from the 
third of (4.3). Proceeding thus we get the required chain: 


(4.14) — = + + mod p, 

(4.15) — = + Bap — mod p, 

(4.16) — = App + + mod p, 

(4.17) — = — Bop mod p, 

(4.18) — = + Bep2 mod p, 

(4.19) Bpr42p — = — + Bsp — + Bpy2 mod p, 
(4.20) — O2p2+p = 2By242» + — — Bap + mod p, 
(4.21) — = — + Bay- 


By using (2.10), (4.1)-(4.6) when necessary, these eight congruences can be 
solved successively. They are obtained from (4.10), (4.11) by the following 
substitutions: (4.14), (4.16), (4.18) come from (4:10) by (r, s) = (p, 1), (p, p), 
(2p, 0); (4.15), (4.17), (4.19), (4.20), (4.21) come from (4.11) by r = p + 1, 
2p, p + 2,2p + 1, 3p respectively. It will be sufficient to indicate the lchdiun 
of (4.14), and merely give the results for the others. From (2.10), (4.5), (4.6), 
(4.14) we get 


— = mod p; 


= + 1)(s + 2)(2s + 3) mod 9; 


(4.22) EoDe = ge(m + 1)(m + 2)(m + 3)(5m + 4) mod p. 


Proceeding from this by mathematical induction we find 
(4.23) £02, == A,(m) mod p, where A,(m) is an integral polynomial in m of de- 
gree n + 2, algebraically divisible by m + 1. 

The last is generalized at once by mathematical induction in an obvious way: 
(4.24) £971, = C,,.(m) mod p, where C,,.(m) is an integral polynomial in m of de- 
greer +s. 
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The solutions of (4.15)—(4.21) are obtained as outlined, and are as follows, 
with the additional information in (4.26), (4.27). 
(4.25) E92, = gie(m + 1)(m + 2)(m + 3)(3m + 4) mod p. 


(4.26) £ri, = C,(m) mod p, where C,(m) is an integral polynomial in m of de- 
greer + 2; 


(4.27) — C3(m) = zeo(m + 1)(m + 2)(m + 3)(m + 4)(4m + 5). 
(4.28) £92. oi = holm + 1)(m + 2)(m + 3)(13m? + 32m + 20) mod p. 
(4.29) en) = do(m + 1)(m + 2)(m + 3)(3m* + 12m + 10) mod p. 
Incidentally in the proof of the last the following curious relations appear, 
— pe” = [ESP mod p. 
(4.30) = + 1)(m + 2)(m + 3)(13m* + 69m? + 113m + 60) mod p. 
(4.31) E92» = gho(am + 1)(m + 2)(m + 3)(25m’ + 93m’ + 122m + 60) mod p. 
‘ia = + 1)(m + 2)(9m> + 85m‘ + 309m’ 
+ 548m* + 489m + 180) mod p. 
(4.33) E02 = gtzo(m + 1)(m + 2)(m + 3)F(m) mod p, 
F(m) = 63m* + 570m‘ + 2005m® + 3498m? + 3104m + 1120. 


At any link of such a chain a cumulative check on all preceding work is 
obtained by taking m = 1 in the last link, and calculating ¢°” directly, as can 
easily be done by repeated use of 


(4.34) = mod p, 


which follows by successive substitutions of p + n for n in the initial congruence 
mod p. 


All of the preceding work was checked in this way. The £{” increase so rapidly 
with m, n that extensive numerical checks are out of the question; however, 
where feasible, such checks were also used. The general conclusion, established 
by mathematical induction, is 


(435) Ifn = ap* + bp? + --. + ep’ +d, 
a, a,b, B,---,¢,y > 0, d=0, then = R(m), mod p, 


a R(m) is an integral polynomial in m whose degree depends only on a, a, 
b, B, ¥, d. 
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5. The residue of £°” mod p is readily determined for a fixed n by preceding 
theorems when the residue of m mod p is known. From (1.15), (1.16), (4.35) 
we have 
(5.1) If m = s mod p, and if p is not an exceptional prime for R(m) in (4.35), 
then ¢° = R(s) mod p. 

The exceptional primes in any case require separate consideration, as in the 
following instance, which is typical of all. From the second of (4.3) we have 


[~) = 4m + 1)(m + 2)(2m + 3) mod p, 


in which the exceptional primes are 2, 3 (the prime divisors of 6). The cor- 
oe values of m are 2r, 2r + 1 for p = 2, and 3r, 3r + 1, 3r + 2 for 

= 3, and the residues of £3” for these values are required. In the calculations, 
al polynomials with rational coefficients take integral values 2 0 for integral 
values = 0 of the variables, by the manner in which they are obtained from the 


given integral polynomial. 
Reducing the coefficients mod 6 we have 


&(m + 1)(m + 2)(2m + 3) = (m + 1)’ + $m(m + 1)(2m + 1); 
and hence, for p = 2, 
” = (m + 1)? + 3m(m + 1)(2m + 1) mod 2. 
Taking m = 2r, m = 2r + 1, and reducing, we find 
ge? = = 1 + + 1) mod 2. 


In these we take r = 3¢, 3¢ + 1, 3¢ + 2, and reduce mod 2. Finally, then, we 
have the results stated for &{”) in (5.2). 
Similarly we obtain 


=r? +14 +1) mod3, 
= an r + 2 1) mod 3. 


Taking r = 2¢, 2¢ + 1, andt = 3u, 3u + 1, 3u + 2 in these, we find the results 
stated for &” in (5.2). 


(5.2)m=rmodp, es”) = 2(r + 1)(r + 2)(2r +3) mod p; 
m = 2,3, 6, 7, 10, 11 mod 12, ¢” = 0 mod 2, 
m=0,1,4, 5, 8, 9 mod 12, = 1 mod 2; 
m = 3,7, 8, 12, 16, 17 mod 18, &” = 0 mod 8, 
m = 0,4, 5, 9, 13, 14 mod 18, &” = 1 mod 3, 
m = 1, 2, 6, 10, 11, 15 mod 18, &” = 2 mod 3. 


The information in (5.2) refers to £& mod p, where n = 2p, that is, to the 
residues (or period) mod p of the 2pt* columns in the table described in §1. 
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We now seek all such information implied in results of the kind in §4. Since 
the first of (5.2) is complete for p > 3, we need attend only to n = 4, 6, and find 
the primes p for which 4, 6 are expressible as polynomials in p with non-negative 
integer coefficients. The only new possibilities are p = 3,p + 1 = 4;p = 5, 
p + 1 = 6 for which the first of (4.4) is applicable, and p = 2, p +p =6,an 
instance of (4.25). Proceeding as above, we find 


(5.3) m = 1,2, 4,5 mod 6, = 0 mod 3, 
m = 0,3 mod 6,” = 1 mod 3. 
(5.4) m = 3, 4, 8, 9 mod 10, &” = 0 mod 5, 
m = 0, 2, 5,7 mod 10, ¢”” = 1 mod 5, 
m = 1,6 mod 10, &” = 3 mod 5. 


(5.5) m = 4, 5, 6, 7, 12, 13, 14, 15, 20, 21, 22, 23 mod 24, &” = 0 mod 2, 
m = 0,1, 2, 3, 8, 9, 10, 11, 16, 17, 18,19 mod 24, &” = 1 mod 2. 
Thus far only prime moduli p have been considered. Results such as the 
foregoing also give information concerning the residues for certain composite 
moduli. For if p(z = 1, --- ,r + 1) are distinct primes such that 
= 0 mod p; =1,---,r+1), 
then = 0 mod 


Thus, from the fourth of (5.2), the first of (5.4) and (5.5) we obtain the following, 
on noting that the L. C. M. of 18, 10 is 90, etc.: 


(5.6) m= 7, 12, 21, 30, 39, 44, 
52, 53, 61, 62, 70, 71 mod 72,” =Omod 6; 


m= 4,13, 14, 23, 28, 29, 38, 39, 
44, 53, 54, 63, 68, 69, 78, 79, 
84, 93, 94, 103, 108, 109, 118, 119 mod 120, ¢” = 0 mod 10; 


m= 3, 8, 34, 39, 43, 44, 
48, 53, 79, 84, 88, 89 mod 90, &” = 0 mod 15; 


m= 39, 44, 58, 79, 84, 93, 
124, 133, 134, 143, 174, 183, 
188, 214, 223, 228, 268, 269, 
278, 309, 318, 349, 358, 359 mod 360, ¢” = 0 mod 30. 


A similar analysis may be made, in specific instances, for theorems of the 
kind (5.1). The implied restriction is necessary, as will appear in a moment, 
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because there does not seem to be much known concerning the forms of the 
prime divisors of polynomials in m of degree > 2 with integer coefficients, as m 
runs through all positive integers. Let n in (5.1) be expressed in the scale of 
the prime p. , and choose mz = Sa mod pa, a = 1, --- ,a,a > 1,80 that 


(ma) = R,(s,) mod pa, a=1,---,a, 


where pq is not an exceptional prime for R.(ma). If now p,, --- , pg are all 
distinct, and s;, --+ , $2 are such that 


R.(sa) = 0 mod pz , a=1,---,a, 
we can find m such that 
= 0 mod pa. 
6. In what was called algebra C of one-rowed matrices or sequences, * recip- 


rocals were defined as follows. Let 0, ¢ be the umbrae of (%, 6, --- ), (do, 
gi,---). Then 8, ¢ are called reciprocals of one another if 


(@+¢)=1, (6+¢)"" =0, 
from which it follows that 
exp 6x. exp = exp (0+ = 1. 


Also, if one of the sequences %, 0, --- ,¢0,¢1,--+ consists of integers, so 
does the other. If one of the sequences consists of positive integers, the other 
will contain zero or negative integers, or both. 

The reciprocal 9°” of ¢ has arithmetical properties similar to those of 
For, from 


exp 2. exp 2x = 1 


and previous results we obtain 


(6.1) = 1, = (-1)"; 
(6.2) = — ™)"; 
(6.3) = 0; 
(6.5) im”), = 

66) = (0) + 


Comparing (6.2), (6.4), (6.5), (6.6) with (2.1), (1.10), (2.3), (2.7), we see by 
inspection what theorems in §§2-5 remain true when é is replaced by 2, and 
what slight changes must be made in the statements of the others due to the 
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difference in signs in (2.1), (6.2). From the congruences for ¢{”, duals for 


; can be written down from (6.3) on noting, for example, that 75" = —£;” 


mod p from (6.3) form = p — 1. The reciprocity between é, » is much closer 
than that between any of the classical sequences, say those of the Bernoulli 
and Euler numbers, and their corresponding reciprocals. This is traced to the 


part played by e* in the definitions, and the fact that e* is its own derivative. 


The structure of the rectangular arrays for the £&”, n°” are the same by (1.10), 


(6.4). 
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STRUCTURE RESIDUATION 


By Morean Warp 
(Received Dec. 27, 1937) 


I. INTRODUCTION 


1. Given any two elements A and B of a structure’ 2, we define the residual of 
B with respect to A relative to cross-cut as an element R = A : B of = with the 
properties 


(1.1) A D[A:B, Bl, 
(1.2) A > [X, B]implies that A : B > X for any element X of 2. 


The residual S = A — B of B with respect to A relative to union is defined 
dualistically by 


(A — B, B) DA, 


(X, B) > A implies that X D A — B for any element X of . 

The properties of these two operations may be summarized as follows: We 
define a structure as residually closed (relative to cross-cut) if any two elements 
in it have a residual with the properties (1.1), (1.2). Every residually closed 
structure is distributive.’ A structure will be said to be distributively closed” 
(relative to cross-cut) if given any two sets © and © of elements of 2, and the 
set T of all cross-cuts of elements of © with elements of #, the union of I is the 
cross-cut of the unions of @ and ®. 

Every distributively closed structure is residually closed.’ Sufficient: conditions 
that a structure = be distributively closed are (i) 2 contains an all element 0); 
(ii) 2 is distributive; (iii) the ascending chain condition holds in 2. Thus every 
finite distributive structure is residually closed. Similar results hold by duality 
for residuation with respect to union. 


2. The results of a recent paper (Ward [1]) in which I have considered resid- 
uation in a structure over which a multiplication is defined which is distributive 
with respect to union apply to the present case on identifying multiplication 
with cross-cut. The assumption (A, B) = A: (A: B) analyzed there is a 


1 We use the terminology of Ore’s recent memoir in these Annals (Ore, [1]), save for the 
substitution of the term “distributive structure” for Ore’s “arithmetic structure,” and the 
interchange of the symbols (---) and [---]. 

* MacNeille [1] uses the term “lattice with completely distributive products.” 

* Compare MacNeille [1] lemma 7.6. MacNeille’s “product complement” A’ is our 
“residual of A with respect to Eo.” 
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necessary and sufficient condition that a structure residually closed with respect 
to cross-cut and containing a unit element Ey may be a Boolean algebra. 

If > is a distributive structure containing an all element in which the ascend- 
ing chain condition holds, then the general decomposition theorems for Dedekind 
structures become almost trivial (Ore [1] page 415); every element of = save Op 
has a unique representation as the cross-cut of a finite number of prime elements 
none of which divides any other. A very interesting situation arises however 
if the accompanying structure residuation has any one of the three equivalent 
properties® 


A:[B,C] = (A: B,A:C), (B,C): A = (B: A,C: A), (A: B,B: A) =O 


In this case, the primes in the canonical representation of any element as a 
cross-cut may be chosen relatively prime in pairs. The primes themselves are 
not necessarily powers of irreducible elements as in common arithmetic, but 
they may be associated with such powers in a relatively simple manner. 

I propose here the name “semi-arithmetical structure (or lattice)” for these 
systems. A simple example is the set of numbers 1, 2, 3, 6 and 12 with [ --- ] 
and (--- ) the L.C.M. and G.C.D. operations. We may remark that every 
finite distributive structure may be represented as a finite set of positive integers 
closed under L.C.M. and G.C.D. I have constructed a proof of this fact by 
induction; but it is also an immediate consequence of the recent result of Mac 
Neille’s [1] allowing us to imbed any distributive structure in a Boolean algebra. 
Conversely, it implies Mac Neille’s theorem for the case of a finite structure. 


II. Properties oF RESIDUALLY CLOSED STRUCTURES 


3. We define a structure following Ore as a system = of elements A, B, C, --- 
over which there is a well defined division relation X > Y such that 

A 2A;A D Band BDC imply A DC. 

PostuLaTE II. For each pair of elements A, B of > there exist elements D and 
M such that: D> A,DDB;SDA,S DBimpliesS DD. ADM,BDM; 
ADT,BDT implies M DT. 

If A > B, B D> A we write A = B. We write M = [A, B] D = (A, B) 
reversing Ore’s usage. 

We shall now examine the consequences of assuming 

PostuLaTe III. (a). = is residually closed relative to cross-cut; or (b) = is 
residually closed relative to union. 

Assume IIIa. Then taking B = A in (1.1), we see that2 contains an all 
element 0) = A: A dividing every other element. Similarly on assuming IIb, 
we see that = contains a unit element Ey = A — A divisible by every other 
element. Since all properties of residuation relative to union may be obtained 


‘The first two equalities are the third and fourth ‘distributive laws for residuation’”’ 
analyzed at length in Ward (1). 
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by a similar dualizing, we shall confine ourselves to stating results only for 
residuation relative to cross-cut. 

We list here for reference some elementary properties of residuation. We 
use — for “implies that”, --- + --- for “both --- and --- ” and — for “implies 
and is implied by.” 

(i) A:B2OA. 

(ii) 

(iii) 

(iv) ADBuA: 

(v) A:A=QH+A:Q =A. 


(vi) A: Cl. 
(vii) A:(A: B) D(A, B). 
(vii) A:[B,C] = (A: B):C=(A:C):B. 


(ix) A:B=(A:B):B. 

(x) [A,B]: B=A:B. 

(xi) A:B=R—-R:B=R. 

(xii) IfA:B=A,thenA D[X, DX. 
(xiii) R=A:B4S=A:R—>R=A:S. 
(xiv) If = = 4: B™, then 

= B®, Bert) B® (n = 1, 2, 3,-+-). 

(xv) A:B=A: (A,B). 
(xvi) (A,B) =Q—7A:B=A. 


These rules all readily follow from the definition (1.1), (1.2) and postulates 
I, II, IIIa. Consider for example (xv). Since (A, B) DB, A : BDA: (A,B) 
by (ii). By (vii), A : (A: B) D(A,B). Therefore by (ii) again, A : (A, B) > 
A:{A:(A:B)}. But by (xiii), A:{4:(4:B)} = A: B. Hence 
A: (A,B) DA: B by (iii), giving (xv). \ 

TuroreM 3.1. If > is residually closed relative to cross-cut, then > is a distrib- 
utive structure. 

Proor. All structures of order less than five are easily seen to be distributive. 
If = is not a Dedekind structure, it is known (Dedekind [1] p. 255) that 2 con- 
tains a sub-structure I of order five which is not a Dedekind structure. Simi- 
larly, if = is not distributive but is a Dedekind structure, it contains a sub- 
structure A of order five which is not distributive. (Birkhoff [1] p. 617.) The 
types of these sub-structures are well known; their lattice diagrams are given 
in the illustration (see next page). (Klein [1] pp. 222-223). 

Suppose that 2 is not a Dedekind structure. Consider the residual H : 


( 
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of the elements G and H of the sub-structure [. Since H D[F,G],H:GOF 
by (1.2). Also H : byrule (i). ThereforeH :G2(H,F)orH:GDE. 
Then by rule (vi), H > [G, EZ] or H > G which is false. 


The structure = must therefore be Dedekindian. If it is non-distributive, 
consider the residual M : N of the elements M and N in the sub-structure A. 
Since M D[N, P], M:N DP by (1.2). AlsoM:N OM byrule (i). There- 
foreM :N2(M,P)orM:NOL. Thenbyrule (vi), M >[N, L]orM DN 
which is false. 

Hence every structure of order greater than four which is residually closed 
must be distributive, and the proof is complete. 


4. Theorem 3.1 allows us to apply all the results obtained in Ward [1] for 
residuation in a structure closed with respect to multiplication. For on identi- 
fying cross-cut with the multiplication defined there, the three conditions given 
for a multiplication X - Y are satisfied (Ward [1] section 3) ; namely 


A. Bisin Dif A, Barein2;A-(B-C) =(A-B)-C;A-B=B.A. 
O-A=A for every A in 2. 
A. (B,C) = (A- B,A-C). 


In particular, if when B D A we define the quotient of A by B as an element 
A/B of = such that 


(4.1) [2, A = [B, X] implies that > Xx, 


it follows that if the quotient A/B exists it equals the residual A : B. But more 
is true; namely 
Pag 4.1. If BDA, the quotient A/B always exists and equals the residual 

: B. 

Proor. By (1.1),4 D[A:B,B]. But BDA and A: BDA byrule (i). 
Hence [A : B, B) D A, A = [A: B, B]. Also if A = [B, X], A > [B, X] so 
thtA: BDX by (1.2). Therefore A : B = A/B by the definition (5.1). 

We obtain as a corollary the following important rule of manipulation’: 
(xvii) BDASA =[A:B, Bl. 


*We may observe that (xvii) shows that postulate D of Ward [1] is always satisfied in a 
residually closed structure. 
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We also have the two “distributive laws’”’ (Ward [1], section III) 


LI M : (Ai, Az, , An) =(M:A.,---,M:A,] 
LII [A1,A2,---, An]: M =[Ai: M, ---,An: 
The remaining two distributive laws 

(Ai, ---,An): M = (Ai: M,---,An: M) 
LIV M:[A,,---,Aal = (M:A1;---,M : Asn) 


are not generally valid. We shall analyze their meaning and validity when we 
come to discuss the arithmetical properties of residually closed structures. 
A large portion of Ward [1] was devoted to analyzing the consequences of 
assuming* 
PostuLaTE C. If A > B, there exists an element F such that A = B: P. 
This assumption was shown to be equivalent to assuming the rule 


(4.2) *(A, B) =A:(A: B). 


In case Y has a unit element Ey, this last rule implies that 2 is a Boolean 
algebra. For consider A’ = : Aforanyelement A of 2. Wehave (A, A’) = 
A’: (A’: A) = Ey: A: A): A} = Oo by rules (iii), (iv) and (v). 
Also since A > Ey , [A, A’ = by rule (xvii). Finally (A’)’ = Ey: (Ky): A) = 
(Zo, A) = A. Thus A’ is the negative of A. Conversely in a Boolean algebra, 
A : B = (A, B’) (Dilworth [1]), and (4.2) is easily seen to be satisfied. 


III. DistrisuTIvELY CLosep STRUCTURES 


5. Let =* denote the class of all sub-sets of elements of 2. If ® and @ are 
any two such sub-sets, we define [0, 6] and (@, &) to be the least sub-sets con- 
taining respectively all elements [7,, F] and (7, F), T in@, F in®. The opera- 
tions [ --- ] and (--- ) thus defined over =* are commutative and associative 
and if 2 contains an all element or a unit element so does 2*, but the resulting 
algebra is not a structure since the operations are obviously not indempotent. 

If every element of © divides every element of 6, we writeQ D®. Ift 54, 
[O, = &, (0, = but not conversely. If © consists of a single element 7, 
we write when convenient  D T, T D4, [T, ®] or (7, &) for ® 28, 0 >4, 
4] or @, 

The assumption that = is a closed structure (Ore [1] page 409) 1 may then be 
formulated by saying that we have two operators u and k defined on >* to 2 
such that 


u@ = U;U DO; X DO implies X D U. 
kO = DK;0 DY implies K DY. 
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6. Let = be any closed structure. Then > will be said to be distributively 
closed (relative to cross-cut) if 


ulO, = u 
and distributively closed relative to union if 
k(, &) = (kO, k 


Here@, & denote any two sub-sets of 2. 

A distributively closed structure of either type is obviously distributive 
(“arithmetic” is Ore’s terminology) in the ordinary sense. A distributively 
closed structure relative to both union and cross-cut is a C lattice in Garrett 
Birkhoff’s terminology (Birkhoff [2]); conversely, it is easily shown that any C 
lattice is a distributively closed structure relative to both union and cross-cut.* 

The assumption that = is distributively closed relative to cross-cut is equiva- 
lent to postulate B of Ward [1] on identifying the multiplication X - Y with 
[X, Y]. We accordingly obtain by the argument given in Ward [1] section 4 

TueoreM 6.1. Every structure distributively closed relative to: cross-cut is 
residually closed relative to cross-cut. 

THEOREM 6.2. Let = be a distributive structure containing an all element Oo 
in which the ascending chain condition holds. Then = is distributively closed 
relative to cross-cut. 

Proor. The hypotheses of the theorem imply that = is closed relative to 
union in the ordinary sense. (Ore [1] §2.) Let © and & be any two sub-sets of 
with elements --- 7',---;--- F,--- and let = [0, Then T = uO, 
F = ué and G = uI all exist. We are to prove that G = [7, F]. Now (Ore 
(1]§2) © contains k elments 7,, --- , such that T = ---, Tx). Simi- 
larly F = (F,, --- F,) where the F; are in ®. Hence since & is distributive, 
F] = (71, Fil, --- (Tn, Fd), 

Also G = ([T,, , » Fe, ]) for T is made up of all distinct elements 
[T,, F.]. Hence since T DO, F D4, [T, F] D[T,, , F.,] or [T, F] DG. Also 
sinceG D[T,, F.],@ Fil, --- orG D[T, F]. Thus G = [T, 

CoroLtary. Every distributive structure of finite order is residually closed. 


IV. ARITHMETICAL PROPERTIES OF RESIDUALLY CLOSED STRUCTURE 


7. Let = be any structure. An element Q ¥ Op of 2 is said to be: (i) irre- 
ducible if X > Q implies X = Oy or X = Q; (ii) prime if Q > [X, Y] implies 
Q>X or QD Y; (iii) indecomposable if Q = [X, Y] implies Q = X or Q = Y; 
(iv) a power if it has precisely one irreducible divisor. Every irreducible is 


_ *MaeNeille [1] calls such a structure a “completely distributive lattice,’’ and proves the 


independence of distributive closure with respect to union and distributive closure with 
Tespect to cross-cut. 
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indecomposable, and in a distributive structure every irreducible is a prime. 
(Kothe [1].) 

For the remainder of the paper we assume postulate III a and a chain con- 
dition: 

PostuLaTE IV. The ascending chain condition holds in = 

Then as is well known every element A of = ¥ Op admits of at least one 
decomposition: 


(7.1) A = (Q:1,@,---, Ql 


into a cross-cut of a finite number of indecomposable elements Q’ of >. 

By theorem 3.1, = is distributive and hence Dedekindian. Now 2 contains 
Oy and hence by the ascending chain condition at least one irreducible P. If 
P’ is any power of the irreducible P, we define the “multiplicity” of P’ as the 
length of any principal chain (Ore [1] page 411) P > --- > P’ joining P and P’ 
increased by unity. Then every power of P has a unique finite multiplicity, 
and P itself is of multiplicity unity. It is convenient to consider the all element 
Oy as the unique power of P of multiplicity zero. The following lemmas are 
obvious from this definition: 

Lemma 7.1. If R and S are both powers of P and R > S, R # S then the 
multiplicity of R is less than the multiplicity of S. 

Lemma 7.2. The powers of any irreducible form a dense sub-structure of 2. 

Now let A be any element of £ # OO). Then by the chain condition, A has 
at most a finite number of irreducible divisors P;, P2, --- P;, and for each 
irreducible P; there is a power P; of the highest positive multiplicity which 
divides A. Then the element [P; , P2, --- , Pi] is a divisor of A which we call a 
kernel of A. 

THEOREM 7.1. Every element of = has exactly one kernel. 

Proor. Assign to Oo the kernel Op. If A # Oo, A has at least one kernel 
by the argument above. Let P’ and P” be powers of the irreducible divisor P of 
A of maximum multiplicity m dividing A. It suffices to show that P’ = P”. 
Let P* = [P’, P’’]. Then P* > A and P* is a power of P by lemma 7.2. If 
P* # P’ then since P’ > P*, the multiplicity of P* is greater than m by lemma 
8.1. Hence P* = P’. Similarly, P* = P”, P’ = P”. 

We denote the kernel of any element A of = by 0A. If A = 0A, A will be 
said to be regular. Thus all powers are regular. Operations on kernels are 
governed by the following simple rules: 


(7.1) A > B implies that 6A > 6B. 

(7.2) 6A = Op if and only if A = Oo. 

(7.3) 6(A, B) = (0A, 6B), o[A, B] = [@A, OB]. 
(7.4) 600A = OA. 


The converse of rule (7.1) is generally false. It is obvious from (7.3) that we 
have: 
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TuroreM 7.2. The set of all regular elements of = forms a sub-structure of =. 

TuroreM 7.3. The set of all elements of = with the same kernel forms a sub- 
structure of 2. 

TurorEM 7.4. If A is regular and B > A, then B is regular. 

Proor. We observe that if P’ is any power of P and M any element of =, 
then it follows from lemma 7.2 that P’” = (M, P’) is also a power of P. Assume 
that B D> A, A regular. Then 


B = (B, A) = (B, 0A) = (B, [Pi,---, Pal) 
= [(B, P;), --- (B, Py)] = (Pi, Pr]. 


Hence by rule (7.3) 0B = O[F'1, --- Ps] = , --- , Pr] = B. 
Thus the sub-structure of all kernels of 2 is dense over 2. (Ore [1], page 429). 


8. So far no direct use has been made of postulate IIIa. It is obvious that 
the sub-structure of all regular elements and the sub-structure of all powers of 
any irreducible element are residually closed since the structures are dense over = 
and A: B > A by rule (i) for residuation. Let A be any indecomposable 
element of 2, B any other element of 2. Thenif A > B, A : B = Oyby rule (iv) 
and conversely. If A —) B, A: B = A: D where D = (A, B) by rule (xv). 
Then by rule (xvii), A = [A : D, D]} Hence A: D= A. We therefore have 

TueorEM 8.1. If A is indecomposable, then A : X = A or Oo for every element 
X of 

THEOREM 8.2. An element of = is a prime if and only if it is indecomposable. 

Proor. Assume that A is indecomposable, A > [B,C], A We are to 
show that A DC. Since A B,A: B=Abytheorem8.1. But A >[B, C] 
implies A : B DC by (1.2) Hence A DC. The converse is trivial. 

The following two theorems are immediate corollaries. 

THEOREM 8.3. Let A and B be any two elements of = with decompositions as in 
(7.1) A = (Qi, --- Qi], B = [QY, --- , into cross-cuts of indecomposable 
elements. Then a necessary and sufficient condition that B > A is that every Q”’ 
should divide at least one Q’. 

TaroreM 8.4 THEOREM”. Let A be any element of Op. 
Then A admits of a decomposition 


A= [Qi , Q2, --- , Qu) 


into a cross-cut of a finite number of indecomposable elements Q such that no Q; 
divides a Q; unless i = j. This decomposition is unique save for the order in which 
the factors Q are written. 

Theorem 8.1 was recently proved in a different manner by Birkhoff (Birkhoff 
[3], page 452). 

The following theorem will be useful subsequently. 


THEOREM 3.5. If A and B are any two primes of 2, then one and only one of the 
following conditions hold: 


(i) (4,B)= A, (ii) (A,B) = B, (iii) (A, B) = (A: B, B: A). 
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V. Semi1-ARITHMETICAL STRUCTURES 


9. We shall now develop the consequences of assuming 
PostutaTEe V. If M and N are any two elements of =, then 


(M:N,N:M) = 0). 


A system satisfying postulates I, II, III a, IV and V will be called a “semi- 
arithmetical” structure. 

THEOREM 9.1. In a residually closed structure, either the third or the fourth 
distributive law for residuation implies postulate V. 

Proor. We may take the third and fourth laws in the abbreviated forms 


LI (A, B): M = (A:M,B:M), 
LIV M :[A, B] = (M:A,M: B), 


the general forms in section 4 following by an easy induction. Assume L III. 
Then by rules (v) and (xv), O) = (M,N) : (M,N) = (M: (M,N), N: (M, N) 
= (M:N, N:M). Assume LIV. Then by rules (v) and (x), 


Oo = [M, N]: [M, N] = ((M, N]: M, [M,N]: N) = (N: M,M:N). 


THEOREM 9.2. In a semi-arithmetical structure, the powers of any irreducible 
form an ordered structure. 

Proor. If P’ and P” are powers of P, P’ : P” and P” : P’ are both powers 
of P. But (P’: P’,P” : P’) =O). Hence either P’ : = OQor P”: P’ = 
Og , so that by rule (iv), either P’ > P” or P” D P’. 

THEOREM 9.3. In a semi-arithmetical structure, all primes with the same kernel 
form an ordered structure. 

Proor. Let A and B be primes, 0A = 6B = Q#OQO). ThenQ>A,QOB 
so that Q > (A, B). Hence (A, B) ¥ Oo. But by theorem 8.5 and postulate 
V, either (A, B) = A or (A, B) = B or (A, B) = Oy. Hence either A > B 
or BDA. 

THEOREM 9.4. In a semi-arithmetical structure, if A and B are primes and 
6A ¥ 0B, A D Bif and only if 6A D> OB. 

Proor. Assume that 0A ~ 6B and @A > 6B. Then 0(A, B) = (0A, 6B) = 
6A # Oo. But (A, B) > (A, B). Hence (A, B) ¥ Oo. Therefore as in 
theorem 9.3 either A > BorBDA. If BDA,0BD6A, 6B = OA contrary to 
hypothesis. Hence A > B. The converse is trivial. 

TueoreM 9.5. Let T' be any regular element of =. Then the structure @ of all 
primes with the kernel T is dense over >. 

Proor. By theorem 9.3, is ordered. Suppose that AD X DB, A, Bin 
@, Xin 2. Then 0X = T by rule7.1. By the decomposition theorem, X = 
[C:, C2, --- Ci], t = 1, where each C; is a prime and divides no other C;, i # J. 
Since A > X, A divides some C;. Assume that A >C,. Then since C,: 2X, 
6C, = T. But since C, D X, 0C; D OX or OC; D OC, by rule (7.1). ‘Thus by 
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theorem 9.4 either C,; D> C, or 0C, = T. In the latter case, either C; D C, or 
(, DC, by theorem 9.3. Thus in either case, ¢ = 1 and X is a prime. 

It follows that any set of prime elements with the same kernel form a principal 
hain. 
We say that two elements R and S of = are relatively prime if (R, S) = Oo. 
The following theorem is now obvious: 

TuroreM 9.6. Every element A #* Op of a semi-arithmetical structure may be 
uniquely represented save for order as the cross-cut of a finite number of prime 
elements which are relatively prime in pairs. 

TuroreM 9.7. In a semi-arithmetical structure the third distributive law for 
residuation always holds; that is for any three elements A, B of = 


LUI (A, B):C = (A: C,B:C) 
Proor. The law is obviously true if either A or Bis Oy. We next show it is 
true if A and B are primes Q and R. For then either (i) (Q, R) = Oo, or (ii) 
(Q, R) = Q or (iii) (Q, R) = R. (i). If (Q, R) = Oo, (Q, R): C = Op. But 
then(Q:C,R:C)=Oo. ForeitherQ :C 
and R:C = R. Hence (Q, R):C = (Q: C, R:C) in this case. (ii). If 
(Q, R) = Q, then (Q, R):C = Q:C. HenceifQ:C =Q,(Q,R):C= | 
Q:C,R:C). IfQ@:C = Q,thnR:C=R. ForifR:C =Q,RDC 
But since (Q, R) = Q,Q DR,Q AC andQ:C=Q. ThusifQ:C =Q, 
Q:C,R:C) = (Q,R) = Q = (Q, R): C. In (iii) the proof is similar. 
If A and B are not primes, let their canonical decompositions be 
Then by the second distributive law for residuation 
= 
=[---,(Q:C,R:C),---] 
=[---,@,R):C,---] 
=[---,(@,R),---]:¢ 
= (A, B):C. 


In like manner we may prove 

THEOREM 9.8. In a semi-arithmetical structure, the fourth distributive law for 
residuation always holds. 

On combining theorems 9.1, 9.7 and 9.8, 6.1 and 6.2 we obtain 

Corotary. ither the third distributive law for residuation, the fourth dis- 
inbutive law for residuation or postulate V is a necessary and sufficient condition 
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that a distributive structure containing an all element in which the ascending chain 
condition holds may be a semi-arithmetical structure. 

Let us call a structure “arithmetical” if the only prime elements in it are 
powers of irreducibles. (Arithmetical structures have been exhaustively 
investigated by F. Klein who calls them “Sternverbande’”’ (Klein [2])). We see 
then that an arithmetical structure is simply a semi-arithmetical structure in 
which all elements are regular, or in which the only primes are powers of irre- 
ducible elements. 
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ON ONE PARAMETER GROUPS OF LINEAR TRANSFORMATIONS’ 
By Netson Dunrorp 


(Received March 1, 1938) 


In connection with the theorem of M. H. Stone’ on the representation of 
one parameter groups of unitary transformations on Hilbert space J. von 
Neumann® has shown (without using any representation theorem) that if a 
group U,(— © <t< ©) of unitary operators on Hilbert space H is measurable 
in the sense that (U:2, y) is measurable for each z, y in H, then U; is necessarily 
continuous in the strong topology of the ring of bounded operators on Hilbert 
space, i.e., 

lim U,z = U,z, for z in H. 
t—s 

The following question then naturally presents itself. What continuity 
properties must a group T;(—«° < ¢ < ) of linear mappings of a Banach 
space X into itself necessarily possess if it is assumed that for each z in X and 
y inX (the space conjugate to X) the numerical function y7;z is measurable 
in the sense of Lebesgue on (— © <t< «)? One answer to this question is 
that if for each z in X the set of values T;2(— © < t < ) is a separable set 
in X and if the norms || 7’; || are bounded on some interval —a < ¢ S a then 
the function 7’, on (— ©, ©) to %, the ring of linear mappings of X into itself, 
is continuous in the strong topology of %, i.e., 


lim 7,2 = T,2, for x in X. 


If the set of values of the function 7’, on (— ©, ©) to ¥ form a separable set 
in the uniform topology of X(i.e., in the metric (T, T’) = || 7 — T’|| =sup 


|| Tz — T’x ||) then 
lim || — T,|| = 0. 


It seems desirable to word the theorem in terms of semi-groups so that the 
transformations T, need not have inverses. By a one parameter semi-group of 
linear transformations on X will be meant a set of linear transformations 

' Presented to the American Mathematical Society Feb. 26, 1938. 

*M. H. Stone, Linear Transformations in Hilbert Space III, Proc. Nat. Acad. 16 (1930), 


Dp. pang See also F. Riesz, Uber Sdtze von Stone und Bochner, Acta Szeged, 6 (1933), 
Pp. 184-198. 


"J. von Neumann, Uber einen Satz von M. H. Stone, Annals of Math., 33 (1932), pp. 567- 
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<t < ©) such that 7,7, = T14,for0 <t,h < In this case we only 
derive continuity on the right but it is readily seen from the argument given 
that in the case of groups the continuity is two-sided. A one parameter semi- 
group 7, of linear transformations on a Banach space X will be said to be 
weakly measurable if for every x in X and y inX the function y7,z is measurable 
on (0, ©), and it will be said to be bounded in case || 7’; || is bounded on some 
interval (0, a). . 

Tuerorem: Let 7, be a weakly measurable and bounded one parameter semi- 
group of linear transformations on the Banach space X. If for each x in X the 
set < t < «) of image points is separable‘ then 

lim = zinX,0<t< 

If the set TO < t < ~) of points in X is separable in the uniform topology of 
then 


lim O<t<o. 


The proof will be based on three properties of the integral of an absolutely 
integrable and measurable vector valued function of a real variable. A func- 
tion f(t) on a S t S b toa Banach space X is said to be measurable if it is the 
limit almost everywhere of a sequence of step functions. Bochner’ has devel- 
oped a theory of Lebesgue integration of measurable vector valued functions 
f(®) whose norm || f(é) || is integrable, and has shown that such functions are 
continuous in the mean, i.e., 


and that 

(2) [ “4(8) ds = f(t) almost everywhere 
dt Ja 


b 
The integral [ f(s)ds has its value in X and if V is any continuous linear 


mapping of X into a Banach space Z then’ V(t) is absolutely integrable and 
measurable and 


(3) V | “4(s) ds = [ Vf(s) ds. 


‘ It is of course sufficient to assume instead, that X is a separable space. 

5S. Bochner, Integration von Funktionen deren Werte die Elemente eines Vektorraumes 
sind, Fund. Math., 20 (1933) pp. 262-276. 

*N. Dunford, Integration and linear operations, Trans. Amer. Math. Soc., 40 (1936), 
pp. 474-494, in particular Theorem 2.3. 
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Proceeding to the proof of the theorem we first note that if for a particular 
zin X the function 72 is continuous on the right at & then it is continuous on 
the right at every points > &. For lett > s > &, andt— s, then 


= T T'.~t4 T 1,2 = T,2. 


The fact that || 7’ || is bounded on some interval (0, a) combined with the 
group property shows at once that it is bounded on any finite interval (a, b). 
Now Pettis’ has shown that if a function f(t) having its values in a separable 
subset of a Banach space X has the property that yf(¢) is measurable for every 
y inX then f(t) is measurable. Thus for each z in X the abstract function 
T,z is measurable on0 <t< Since || || is bounded in any finite interval 
the function 7,2 is an absolutely integrable and measurable function and so 
by (1) we have 


b 
lim — T,x||dt = 0. 
This shows upon using (3) that 
b b 
lim T, [ T,2dt = tim = [ Tx dt. 
h=0 a h=0 Ja a 
Thus 
lim Tu=Tyu, 


s—t+ 
b 
u= Tx dt, 


where a, b are arbitrary positive numbers and z is an arbitrary point in X. 
Now let x be fixed and define 


for every wu in X of the form 


t+1/n 
u,(t) =n T,xds. 
t 


t+1/n 
[ 
t 


t+1/n 
< T,2ds — Tix 
t 


Then forO <<h <1 


| Trun(t) — || = 


"BJ. Pettis, Integration in Vector spaces, to appear in the Trans. Amer. Math. Soc. 
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where M is a bound for || 7, || on (0, 1). Thus by (2) we have for each ¢ in 
a set Ey C (0, 1) of measure one 


lim T,un(t) = 7,T:2 uniformly in h. 


As a function of h, 7,u,(¢) is continuous on the right at every positive value 
of h and since the convergence as n — © is uniform with respect to h in (0, 1) 
we must have for ¢ in Eo 

lim = lim T, = T;2. 

h—0 
But the measure of Ep being one, ¢ is as small as we please so that 7';z is con- 
tinuous on the right at every positive value of ¢. 

Now suppose that 7'.(0 < t < o) is a separable set in the ring ¥ with its 
uniform topology, i.e., for each ¢, 7; is approachable in norm by a suitable 
chosen subsequence of some sequence {7}. The ring ¥ may now be regarded 
as a Banach space and we will first show that 7, on (0, ©) to ¥ is measurable. 
Let 2m,n,p be a point in X with 


thane i, || Pin T || > || T tn T:, || 1/2’. 
For a given t fix m so that 


| Te — Ten || < 1/2”. 
Then 


| T; T., | < 3/2” + | T ll, 
which shows that for each n = 1, 2, --- 


sup || — || = Tell, 


and thus since for each 7, j, p, n the function || — T's, 2%i,;,p || is measurable 


on (0, ~) so is || 7; — T:, ||. Now for every ¢ there is an n such that 
(4) T: — || <«. 
Let E, be the set of ¢ for which (4) holds. Then Z, is measurable and the sets 
n—1 
Ei = Ki, E,=E,— 
j=1 


are measurable, disjoint and 


(0,0) = 
n=1 
If we define 
mk, 
then T; is a denumerably valued measurable function on (0, ©) to ¥ and 


O<t<o. 
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The function 7’, on (0, ©) to the Banach space X can therefore be approached 
uniformly by denumerably valued measurable functions and is thus measurable. 
Since || 7’ || is bounded on any finite interval we have the abstract function 
7, measurable and summable on any finite interval. Any V in % may be 
regarded as a linear operation on ¥ to X and so we have, using equations (1), 
(2), (3), just as before 

lim T,U =U 


b 
T,ds. 


t+1/n 
U,() =n [ T.ds, 
t 


t+1/n 
| — TrT:|| M nf Tw. ¢, 
the convergence is uniform for0 <h <1. Nowifs > & ands — & then 
T.U,(t) = > Un), 
ie., for each n and t, 7T,U,(t) is continuous on the right at each point. Fix ¢ 
in the set where [ T,ds is differentiable and fix n so large that 


for every U of the form 


Thus if 


| — 0 almost everywhere, and 


T,U.(@) — || < O<h S1, 


t+1/n 
nf T,ds é/3. 
t 


Then for h > 0 sufficiently small 
T,U,() — Unlt) || < €/3, 
so that for sufficiently small h > 0 
| Tate — Te || <¢, 


which, combined with the group property, proves that 7’, is continuous on the 
right at each point in (0, ~). 

It might be mentioned that the method used in proving 7; measurable could 
be used in proving that 7,2 is measurable, the fact used in the first part of 
the proof. 

It might also be pointed out that in the case of groups the second conclusion 
lollows immediately from the first by applying a well known theorem of Banach’ 
which states that a closed everywhere defined distributive mapping of one com- 
plete separable group on to another is necessarily continuous. 


Yate Untversiry, New Haven, Conn. 


"8. Banach, Uber metrische Gruppen, Studia Math. III (1931) pp. 101-113, in particular 
Theorem 10 p. 112. 
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LINEAR OPERATIONS WHICH DEPEND ANALYTICALLY ON A 
PARAMETER 


By A. E. Taytor* 
(Received December 13, 1937) 


1. Introduction 


It has long been customary in the theory of linear transformations—integral 
equations, linear equations in an infinite number of unknowns, etc.—to make 
use of certain notions from the theory of functions of a complex variable. In 
particular, the well known Neumann expansion of the resolvent is a formal 
power series whose coefficients, instead of being numbers, are iterates of a 
certain linear transformation.’ These resemblances to the classical Cauchy- 
Weierstrass theory can be described accurately in terms of a theory of analytic 
functions whose values lie in a complex Banach space. The possibility of such 
a theory, derived in the usual manner from Cauchy’s theorem and integral 
formula, was recognized by Wiener.” Still further generalizations, in which the 
independent variable may also range over a complex Banach space, have been 
considered by a number of people.* It therefore seems desirable to outline a 
general abstract theory of linear operations depending analytically on a param- 
eter, which we shall here suppose to be a complex variable. 

DEFINITION 1.1 A function f(d) defined in an open set A of the complex plane, 
with values in a complex Banach space E, is called analytic in A if the limit 

f(A) — fro) 
exists at each point of A. f(d) is said to be analytic at a point if it is analytic 
in some neighborhood of the point. 

DeFINITION 1.2 Let E and E’ be two complex Banach spaces, and let A be an 
open set in the complex plane. For each d in A let Ay be a bounded linear operation 
with domain E and counterdomain contained in E’, and let Ayx, for each element 
x ¢ E, define an analytic function of d in A (the values of the function lying in E’). 
We shall then call A, a linear operation analytic in A. 

Such operations occur frequently. Perhaps the most interesting special 
cases are those in which ZH = E’, and E’ is the complex number system, respec- 


* National Research Fellow. 

1 See for instance F. Riesz, Les syst¢mes d’équations linéaires a une infinité d’inconnues, 
Paris, 1913, Chapter IV, especially pp. 105-120; also M. H. Stone, Linear Transformations 
in Hilbert Space, New York, 1932, pp. 139-141 and p. 149. 

*\N. Wiener, Fundamenta Mathematicae, vol. 4 (1923) pp. 36-148. 

3 See the references in the author’s paper, Annali di Pisa, vol. VI (1937) pp. 277-292. 


574 


j 
| 
4 ll 
i 
— 
th 
for 
(m 


LINEAR OPERATIONS WHICH DEPEND ON A PARAMETER 575 


tively. In the latter case we shall call A, a linear functional. For our purposes 


the most important consequence of Definition 1.2 is the following uniformity 
property: if A) is analytic in A, and for ze F, \ «A 


then AX? is, by a well known theorem of Banach, again a bounded linear 
operation; we assert that the convergence in (1.1) is uniform for all x such that 
\|2|| <1. This means that A) defines a function whose values lie in a certain 
space of operations, and that this function is analytic in A (Theorem 2.1). 
In particular, if A, is a linear functional, A, defines an analytic function on A 
to the “conjugate space” of E (see §2). 

We first examine analytic linear functionals in some of the well known Banach 
spaces. This also furnishes information as to the nature of analytic functions 
whose values lie in one of these spaces. In §4 we consider interspace transfor- 
mations A,. For instance, if A) is a linear transformation in Hilbert space, 
defined by a bounded infinite matrix {a(A)}, it is analytic in A if and only if 
each ai,(\) is analytic in A and the matrix is uniformly bounded on each bounded, 
closed subset of A. This conforms to the situations which arise in practice.‘ 

There is also included in §4 a treatment of homogeneous and non-homogeneous 
linear, first order differential equations in an unknown function 2x(A) whose 
values lie in a Banach space EZ. This treatment includes many of the known 
results on systems of differential equations in an infinite number of unknowns. 

Finally, in §5 there are presented briefly some of the most important proper- 
ties of the inverse operation (I — A,)~ (in case it exists), together with a 
discussion of the resolvent when A) is a transformation of finite norm in Hilbert 
space. This last is not really new, for the theory is essentially contained in a 
paper by Tamarkin (see footnote (17), §5). However, the point of view is 
more general, and the discussion is more transparent in the abstract form. 


2. The Basic Theorem 


We first indicate our notations. A denotes some given open set of the com- 
plex plane. E, BE’ denote complex Banach spaces. [E, E’] denotes the Banach 


space of all linear operations A whose domain is E and whose counterdomain 
lies in Z’, the norm being given by 


|| Az || 


We shall always understand linear to imply the continuity (boundedness) of 
the operation. If in particular E’ is the complex number system we write E* 
lor (Z, E’] and call E* the conjugate space of E. We use the usual notations I, , 


(n), (c), Lp, M , C for the more familiar spaces of infinite sequences, or func- 


zeE. 


(2.1) | A || = Lub. 


‘See for instance A. Wintner, Mahematische Zeitschrift, vol. 30 (1929) pp. 237-248. 
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tions defined on the interval (0, 1), respectively, the members of the sequences 
and the values of the functions being in general complex, however. For the 
norms in these spaces see Banach, Opérations Linéaires, pp. 10-12. 

The basic theorem of the paper is the following. 

THeorEM 2.1. For each d in A let Ay be a member of [E, E’), and let Ay be 
analytic in A in the sense of Def. 1.2. Then A), as a function on A to [E, E’, is 
analytic in A. The converse is also true. 

Proor: Since || A || = L.u.b. || Az || for || x || S 1, the theorem may be re- 
stated as follows: if the limit in (1.1) exists for each z in E and each ) in 4, 
then the convergence of the difference quotient to its limit is uniform in the 
unit sphere || z || S 1. A” is also linear and analytic in A, and the same is 


true of Ai” 2 = Avs. Now let be any point of A, and |A — Sra 
closed circular region which with its boundary C lies in A. Then 


n! Aix 


= 
(For the use of Cauchy’s integral formula in such cases see Wiener, loc. cit. (2). 
Now by a theorem of Kerner’ we can find positive constants ro(ro S r), Mo such 
that || A, || < Mo when} — | S 7. If Cy denotes the circle | \ — dy | = 7% 
we have 


(n) n! Aix n! My || 
(2 2) || | Qri Joy (t ho) dt | 
But, x being fixed, the Cauchy-Taylor expansion 
(2.3) Ana = Aye + 
1 . 


is valid when | \ — Xo | S 7. Moreover, on account of (2.2) the convergence 
is uniform in both and z in the sets | — Xo | S Om, || z|| $10 <8 <1). 
From this the result easily follows. The converse is obvious. 

As a consequence of Theorem 2.1 it is possible to write the equation 


(2.4) Ay = Any 


Its meaning should be carefully distinguished from that of (2.3). The limit 
implied in (2.4) is in terms of the metric in the space [Z, E’], whereas the con- 
vergence of (2.3) is according to the metric of E’. 

Since we know now that A, is continuous as a function on A to [E, E’] we 
know that || A || is bounded on any bounded, closed subset of A. It is then 


5M. Kerner, Studia Mathematica, vol. 3 (1931) p. 159. It results from this that A)z is 
continuous in both variables \, x together. 
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easy to see that in (2.2) we may understand 7% to be any radius such that the 
closed circular region | — Xo | S 7 lies in A. Hence (2.4) has the same radius 
d 


of convergence as (2.3). It is also justifiable to write AX” = a Ay. 


As an example of the content of the theorem consider the linear functional 
in the Hilbert space lz : 


= 


By definition it is analytic if and only if for each sequence {z,} such that 
| 2 < the series on the right defines an analytic function of in A. 
Evidently each a,(A) must be analytic in A. The theorem asserts that for each 
point Ao in A 


— 
lim 


The precise conditions which must be imposed on the a,(A) are set forth in §3. 
It is sometimes useful to write the inequality (2.2) in the form 


6. 


(2.5) Ax || Mat} 


by taking M(Xo) = max (Mo, 1/ro). 

Given a linear operation A, on £ to E’, analytic in A, we can form the so- 
called conjugate operation® Ax on E’* to E*. It will also be analytic in A. 
Hence the same is true of its conjugate A;*, defined on E** to E’**. This 
may be regarded as an extension of the transformation A) , for E is isomorphic 
with a subset of Z#** in such a way that if x and & are corresponding elements, 
re E**, then and correspond in a similar isomorphism between 
F' and E’**, (Two spaces are isomorphic if there exists a one to one trans- 
formation, linear and continuous both ways, between them.) Finally we 
observe that if A, is analytic - = (%) . These facts may be verified with- 
out difficulty on the basis of Theorem 2.1. 


3. Linear Functionals 


In this section we shall consider linear functionals X, and undertake to deter- 
mine, in certain special cases, the conditions under which a functional will be 
analytic in a given region A. Theorem 2.1 affords an alternative point of view 
Which will be of great use to us. For if EZ is a given space its conjugate space 
Fis frequently isomorphic with, or perhaps even equivalent to, a well known 


’ "Bee Banach, Opérations Linéaires, Warsaw, 1932, pp. 99-100. The relation || A || = 
Atl holds. This is because theorems 2 and 3 in Banach, p. 55, remain true if the spaces 

= functionals involved are all complex linear. See H. F. Bohnenblust and A. Sobezyk, 
ulletin of the American Mathematical Society, vol. 44 (1938) p. 91-93. 
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Banach space whose properties we can utilize. (Two spaces E, E, are said to 
be equivalent (H = £,) if there exists a biunique linear transformation taking 
E into E, in such a way as to preserve the norm. See Banach, loc. cit. p. 180.) 
If X, is a linear functional on a space E, and & is a Banach space isomorphic 
with E*, the linear correspondence between E* and & defines a function §(A) 
on A to &, with &(A) corresponding to X, , and 


(3.1) m || || |] X || SM || II, 


where m, M, are positive constants, which are both equal to unity if the iso- 
morphism is an equivalence. X, will be analytic in A if and only if £(A) is 
analytic in A. 

The following equivalences are well known:’ l, & (Lpjp-1)* (p > 1);1& (0)*; 
(m) & I*; Ly S Lyjpa (p > 1); M = L*. Most of our results will be stated 
as theorems about functions on A to &. Their interpretation in terms of linear 
functionals will be evident from the proofs. 

Our problem is easily solved for the sequence spaces. The results are col- 
lected in the next theorem. 

THEOREM 3.1. To a function &(d) on A to any one of the spaces I,(p = 1), 
(m), (c) there corresponds a sequence {£,(d)} of complex-valued functions. In 
order that &(d) be analytic in A it is first of all necessary that each &,(d) be analytic 
in A, and secondly, in the several cases it is necessary that 
l, : (i) the series >>, | En(d) |” be convergent at each point of A, and bounded in 

each closed, bownded sub-region of A,* 
(m): (ii) | En(A) | < K(Qo) in Ao (n = 1, 2, ---), 
(c) : (iii) condition (ii) hold, and lim &,(A) as n — © exist at each point of A. 
Conversely, if each —,(d) is analytic in A the sequence defines an analytic function 
on A to one of the spaces l,, (m), (c) if the appropiate one of the above three con- 
ditions holds. 

Proor: As in ordinary analysis || &(A) || < K(Ao) on Apo if &(A) is analytic 
(and hence continuous) in A, with values in a Banach space. Moreover, for 
each of the above sequence spaces we have the inequality | &, | < || € ||. From 
these remarks the necessity of the conditions follows. As to their sufficiency 
we note that according as & is 1,(p > 1), l, or (m), the linear functional corre- 
sponding to £(A) is of the form 


= En(A) an £(d) el, (p > 1) 
X\(x) = ze(c), limz, = 2, 
X\(x) = axel, &d)e(m). 


7 For the corresponding real spaces these facts are all contained in Banach, loc. cit. 
Chapter IV. The forms of the general linear functionals are the same for the complex 
spaces. 

8 For convenience and brevity the statement that a numerical function F(A) is bounded 
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Consider first &(A) ¢ l. If &,(A) is analytic in A and condition (i) is satisfied 
(p = 1), the functional X)(z) is analytic in A for each z ¢ (c). In fact, the series 
converges, and 


in Ay. Therefore, by a well known theorem of Montel, X,(z) is analytic. The 
demonstration for 1,(p > 1) or (m) is similar, and will be omitted. The space 
(c) is a subspace of (m) (with the same norm). Hence for £(A) on A to (c) to be 
analytic in A it is sufficient to know that it is analytic as a function on A to (m), 
and that the values of both &(A) and its derivative ¢’(d) lie in (c). * The condi- 
tions (ii) and (iii) imply that this is so when £,(A) is analytic in A, for then 
lim £,(d) as n — © exists at each point in A. In all cases the derivative £’(A) 
is defined by the sequence {£,(A)}. 

We turn now to the more interesting and difficult theorems corresponding 
to Theorem 3.1 for the usual function spaces. Analytic functions on A to Lz 
were considered by Wiener (see footnote 2). He outlined a proof of Lemma 1 
(below), but did not go as far as our Theorem 3.2. What Bécher’ calls semi- 
analytic functions are essentially analytic functions on Ato C. We begin with 
functions on A to L,. We adopt the view that the Banach space L, has for 
its elements the classes of equivalent functions £, where ~ is measureable, and 
| € |? integrable, two functions being equivalent if they are almost everywhere 
equal on the intervalI: 0 S$ s <1. A function F(A) on A to L, then orders to 
each \ a class of functions. A particular member of this class may be denoted 
by &(s). We shall call it a representative of F(X). It is defined except possibly 
on a set of measure zero depending on X. If for each dX a representative & 
is selected, the aggregate &(s), as \ varies, may not define a function of the two 
variables s, \ in the usual sense. It is conceivable that there may not exist 
any s for which all the &(s) are defined. What we shall show is that if F(A) 
is analytic in A it is possible to make the above selection in such a way as to 
arrive at a function &(s, \) defined for each \ in A and each s not in a certain 
fixed set of measure zero. This function is analytic in A for each such s, and 
for each ) it is a representative of F(A). The precise statement is contained in 
Theorem 3.2, along with a converse. 

We begin by proving a lemma. 

Lemma 1. If F(A) is an analytic function on A to L,(p = 1), then to each 
Point Xo in A corresponds a positive number 5(do), a set E(Xo) C I of measure zero, 
and a function (s, ) with the properties 

1° &(s, d) is defined when | — do | < and s eI — 

2° for each s eI — E(Xo) d) is analytic, — | < 

3° for each X, |X — Xo | < 6(Ao), E(s, d) és a representative of F(A). 


N 


S max | | < || || K(Ao) 


n=0 


each closed, bounded sub-region of A will be expressed symbolically by writing: | F(A) | 
< K(As) in Ao. Here Ao denotes an arbitrary closed, bounded sub-region of A, and K(Ao) 
some positive constant depending on Ao, but not on X. 

*M. Bécher, Annals of Mathematics, vol. 12 (1911) pp. 18-26. 
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Proor: Let X» be a point in A. Since F(A) is analytic we may write, for 
some positive p 


(3.2) F(A) = - (A — Ao)” |X — do] <p. 


This means, if &,(s) is any one of the representatives of the point — = Fy) in 


L,, and &(s) any representative of F(A), that 
From (3.2) it follows that if 0 < p; < p there exists a constant B such that 

[ n=0,1,--- 
Now let 6, A be positive constants, and 0 < @ <1. Let E,(A) be the set of 
points on the interval J for which &, is undefined, or | pr ,(s) | = o”"?4. The 


measure of E,(A) cannot exceed BA~?6”"””, because of (3.4). Hence if E(A) 
= >>, E,(A) we conclude that 


ds = 0, — <p. 


n 1 F 
P1 ni (Xo) 


(3.4) 


B 
Thus on the set J — E(A) | préa(s) | < png. whence it follows that if | 4 — do | 
6p 
n+k A 
<i 


v=n 


Therefore the series 
(3.6) (A — En(s) 


converges absolutely and uniformly for all pairs (s, 4) such that s e J — E(A), 
|X — Xo | S 9p,. In the same way we see that for these pairs the partial sums 
of the series (3.6) are bounded. 

Now let A take on the values N = 1,2,---. Evidently Z,(N + 1) € £,(N) 
and E(N +1) E(N). Also lim mE(N) = 0as N Consider the set 
E = JJ E(N). Clearly mE = 0, and if s e J — E then s e J — E(N) for all 


N=1 
sufficiently large N. From this we see that the series (3.6) defines a function 
£(s, \) satisfying conditions 1° and 2° of the lemma, if we take 6(do) = 91; 
E(\o) = E. It also satisfies condition 3° as we shall show. Let | — o| < 91- 
Then the partial sums of the series (3.6) converge boundedly to &(s, \) om 
I — E(N), and hence 


tim — as = 


JI—E(N) 
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By (3.3) we know therefore that &(s) = &s, d) at least ina set {J — E(N)} — 
ey(A), Where éy(A) is a set of measure zero contained in J — E(N). Hence if 
we define e(A) = Dow en(A), e(A) + E is of measure zero, and &(s) = &(s, d) 
when s el — (E + e(A)). This completes the proof of the lemma. 
We can now formulate the analogue of Theorem 3.1. 
TurorEM 3.2. If F(A) ts an analytic function on A to L,(p = 1) there exists 
a function &(s, 4) with the properties: 
1° E(s, \) is defined when d is in A and s e I — E, where E is a set of measure 
zero independent of d; : 
2° for each s eI — E &s, d) is analytic in A; 
3° for each in A &(s, d) is in Ly, and 


E(s, 0) < K(ds) in 


4° &(s, d) is, for each X, a representative of F(). 

Conversely, if E(s, \) is a function satisfying 1° — 3°, and a function F(X) on A 
to L, is defined by requiring 4° to hold, then F(X) is analytic in A. 

Proor: The first part of the theorem follows readily from Lemma 1. We 
have, corresponding to each point yu in A, a set E(u) of measure zero, a circular 
region K,: | — u | < 6(u), and a function £,(s, \) with the properties described 
inthe lemma. We can select a sequence {u,} of points in A such that the circles 
{K,,} completely cover A. Let E’ = > E(un); E’ is of measure zero. Consider 
now two of the circles, say K,,,, K,,, which overlap. Let \ be a rational point 
of the intersection K,,,-K,,. Since &,,,(s, d) and &,,(s, \) are both representa- 
tives of F(A) they are equal except possibly on a set of measure zero (depending 
ond). Enumerating the rational points of K,,,-K,, it follows that ~,,.(s, \) = 
£,,(8, \) for all these rational points, except possibly on a set of measure zero de- 
pending only on m and n, say €mn. Since for fixed s the functions are analytic in 
K,,,K,, the above equality remains true for all points of K,,,-K,,. Finally, 
discarding the null set >> m,n €m,n (which includes E’) we conclude that except for 
a set of measure zero, independent of m, n, d, —u,(8, 4) = §&,(8, \) whenever 
\eK,,,-K,,. It is then easy to see that the functions {£,,(s, \)} determine a 
function &(s, \) of the required specifications 1° — 4°. 3° is a consequence of 4°, 
together with the fact that, F(A) being analytic in A, || F(A) || < K(do) in do. 

To prove the converse we shall suppose first that p > 1. In view of the 


remarks at the beginning of this section F(A) will be analytic if the linear fun- 
tional 


1 
(3.7) Xi(z) = [ A)x(s) ds € 


B analytic in A, since £(s, \) is a representative of F(A). The proof that X,(z) 
analytic will be furnished by the following lemma, the proof of which will 
also be of use in treating the case p = 1. 
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Lemma 2. Let f(s, \) be a function with the properties 1° — 3° of Theorem 3.2 
forp = 1. Then of is in L for each the integral f(s, d) ds defines an 


analytic function in A, and 
d _ [ als,» 
(3.8) [ f(s, ds = [ ds. 


Proor. Let \> be in A. Then for some positive p independent of s, and 
sel —E 


f(s, 9) = <> 


fils) = aK 


It is clear that each f,(s) is measurable. To prove that they are in L, let 
0 < < and write 6) = f(s, + pie”) (0 6 S 2x). Then from 
(3.9) we obtain 


(3.9) 


(3.10) 0) = pre” sel — E. 

Since the terms of this series are measurable in the two-dimensional set 

05s 51,0 S 6 S 2r, the same is true of ¢(s, @). It is further true that 
1 

¢(s, 8) is integrable over this set. For, since [ | e(s, 6) | ds exists and is bounded 
0 


for 0 S @ S 2r it defines an integrable function of 6. Hence | ¢(s, 6) |, and 
also ¢(s, 0) is integrable.” Moreover, since 


(3.11) fale) = * 8) ag 


pj ein? 


we conclude, by the theorem of Fubini, that f,(s) is integrable. Now consider 
the expression 


Xo (t — A)(t — 
t — do = pie” 
|X — Ao] = 


obtained by use of Cauchy’s formula. Since ¢(s, 6) is integrable we may invert 
the order of integration, thus getting an estimate for the expression on the right: 


A — Ao dé 1 De! ds 


” C, Carathéodory, Vorlesungen tiber Reelle Funktionen, Leipzig, 1927, p. 637. 
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The quantity on the right is finite, and tends to zero with | 4 — do | . ' Since 
\) was arbitrary (3.8) has been established, and the lemma proved. 

The converse portion of Theorem 3.2 is now proved when p > 1, for we may 
apply Lemma 2 to our consideration of the integral (3.7), with the aid of Hélder’s 
inequality. It remains to give a proof when p = 1. We shall do this directly, 
since the previous method is not available. Now £&(s, d) satisfies the hypotheses 
of Lemma 2. Let &(s) be one of the representatives of F(A), and \» a point in A. 
As in the proof of Lemma 2 we may write 


= — In — dol <p 
E,(s) = [ ao seI-—E 


where 0) = E(s, + pie”) < p). We shall prove that 


(2) tim — {as = 0 


for all sufficiently small values of | \ — Xo |. We may replace &(s) by &(s, d) 
in the left member of (3.12). Then instead of proving (3.12) it will be sufficient 
to prove that 


(3.13) lim rol" [ds = 0 
But 
** | o(s, 8) | K 


where K is some positive constant, because of condition 3° and the legitimacy 
of changing the order of integration. Hence (3.13) and (3.12) are true if 
\\—o| < p:. But (3.12) expresses precisely the fact that F(A) is analytic 
at the point A», which was arbitrary. The proof is thus complete. 

There is a theorem very similar to Theorem 3.2 for analytic functions on A 
to M, the space of measurable, almost—bounded functions. We pass over it, 
however, to the more interesting problem of linear functionals defined on the 
space C of continuous functions. As is well known, such a functional is ex- 
pressible as a Stieltjes integral with the aid of a function of bounded variation. 
For our purposes we lay down the following definition. 

Derinition. Denote by BV the class of all complex valued functions & defined 
on (0, 1) and of finite total variation V(t) over this interval. If & « BV define a 
new function 


t+ (0) = 0 f* (1) = &(1) — £(0) 
(s) = &(s + 0) — &(0) 0<s<l. 
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A function & « BV is said to be in normal form if it is identical with &. The 
class of all members of BV which are in normal form will be denoted by (BV). 

It is readily proved that £ is in normal form if and only if (0) = 0 and 
t(s + 0) = &(s) (0 < s < 1). BV is a Banach space when it is normed by 


(3.14) ll = | | + V@). 


(BV)« is also a Banach space with this same norm: |! & || = V(é). Observe 
that | &(s) | || ||. 

It is not difficult to prove that (BV)« is equivalent to the conjugate space C* 
and hence that if & « (BV)« corresponds to X e C* then 


(3.15) X || = & 


We shall not prove this equivalence here. By means of it we may regard a 
linear functional X, on C as defined by a function &(s, \) € (BV)« for each i. 
X), will be analytic in A if and only if & defines a function analytic in the metric 
of (BV). 

THEOREM 3.3. The linear functional on the space C, 


(3.16) X)(z) [ x(s) d, &(8, 


where &(s, \) ¢€ (BV)« for each \ in A, is analytic in A if and only if 

1° &&(s, A) ts analytic in A for each s,0 S s 1, 

2° V(éx) < K(Ao) in do.” 

Under these circumstances the set of points a on (0, 1) suck that &(s, X) is dis- 
continuous at o for some d in A is enumerable. 

Proor: The necessity of 1°, 2° is quite evident from the relations | &&(s, \) | S 
V(&) = || & || and the remarks preceding the theorem. To prove the converse 
let x(s) be any continuous function and choose a sequence of subdivisions of 
the interval (0, 1), say by points 0 = s{”< sf” <.. < 8s” = 1, in sucha 
manner that for each \ in A 


(3.17) d,&(s, = lim %) — d)]. 


By 2° we see that the sums on the right are uniformly bounded in Ao. Since 
the individual terms are analytic in A, by 1°, it follows that the limit function 
is analytic in A. To prove the concluding assertion we make use of the series 
expansion, 
(3.18) d) = (A h =X 

n! av” 
which converges in the metric of (BV), , and hence uniformly with respect to . 
Therefore, for each ) in a certain circle with center at Xo the discontinuities of 
f(s, 4) can be at most those of the terms on the right. But these terms are 
in (BV), , and their discontinuities, which are at most enumerable, are inde- 
pendent of \. If we cover A with an enumerable set of such circles the result 
easily follows. 
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It is of some interest to consider conditions on a function £(s, \) which is in 
BV for each \ ¢ A, sufficient to insure that its normal form £&(s, ) have the 
properties listed in Theorem 3.3. It is clearly sufficient to require that 

(i) (0, 4) and &(1, A) be analytic in A, 
(ii) there exist a set S everywhere dense on (0, 1), and independent of \ 
such that for each point s e S, &(s, \) is analytic in A, 
(iii) the total variation of £(s, \), calculated for subdivisions of the interval 
whose end-points lie in S, is bounded in regions A» . 


4. Linear Transformations 


The results of §3 may be used to advantage in studying linear operations 
other than functionals. For instance, if E’ is one of the sequence spaces lI, , 
(m) or (c), an operation A, on E to E’ is defined by a sequence {a\”} of linear 
functionals on E. Because of the relations | a,x | < || Ayx || valid for these 
choices of E’ we have || ax” || < || Aa ||. It follows readily that A, will be 
analytic if and only if each ax” is an analytic linear functional, and || A, || < 
K(d) in In case E = E’ = (Hilbert: space) this requirement is, in 
view of Theorem 3.1, that if A, is defined by the matrix {a(A)} then ax(d) 
must be analytic in A, and the matrix uniformly bounded (its bound is || A) ||) 
in regions of the type Ay. It is to be observed that a singular point of A, = 
{ax(X)} can occur even though all the a(A) individually are regular at that 
point." The same is of course true of a linear functional X,(z) = >> an(A)2n 
on |, , as is shown by the example a,(A) = dX”, the region of regularity in this 
ease being | A | < 1. 

As an interesting application we may turn our theory to the study of differ- 
ential systems of the form 


(4.1) we 


where A) is a linear transformation of the space E, analytic at \ = 0, and y 
is an arbitrarily prescribed element of E. If E is l, this takes the form 


dy i=l 

where the matrix {a%(A)} is subjected to certain conditions which we have 

already given for the case p = 2. Systems of this type have been considered 

frequently.” The system (4.1) also includes equations of the form 


(4.3) = 2x(s, + [ “Als, t, d) dé, x(s, 0) = y(s). 


"See A. Wintner, loc. cit. p. 246. The matrix may cease to be bounded. 

“For a number of references see R. D. Carmichael, Bulletin of the American Mathe- 
matical Society, vol. 42 (1936) pp. 211-216. For E = 1, our results are essentially those of 
W. L. Hart, American Journal of Mathematics, vol. 39 (1917) pp. 407-424. The system 
(4.2) was treated by Sternberg, Heidelberg Akademie Sitzungsberichte, 1920, no. 10, pp. 1- 
21 under hypotheses sufficiently restrictive to make it of type (4.1) for the space E = (m). 
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For instance, if A(s, t, 4) is continuous for 0 S s,¢ S 1,| | <1, and analytic 
in | \ | < r for fixed values of (s, t), then (4.3) is a system of type (4.1) in the 
space C. The solution 2x(s, \) will be continuous in the range 0 < s < 1, 
|X | <r, and analytic in \ for each s. (See footnote (9).) If A(s, t, \) isa 
kernel of Hilbert-Schmidt type with the properties described in the remarks 
following Theorem 4.3, then (4.3) may be regarded as of type (4.1) in the 
Hilbert space Le , and the solution will be analytic in accordance with Theorem 
3.2. Still more general equations may be considered. 

We turn now to the general system (4.1). Our results may be stated as 
follows. 

TuroreM 4.1. If A) is a linear transformation on E to E, analytic in the 
circle | \ | < 1, then the system (4.1) admits a unique analytic solution x(d) in 
the circle| | <r. This solution may be written in the form x(h) = Byy, where 
By, is a linear transformation analytic for | \ | <r. 

Proor: We endeavor to find a formal solution by writing 


substituting in (4.1), and equating coefficients of like powers of X. This leads 
to the equations 


0 
(4.5) 
(n + = n=0,1,-::. 
K 


The rearrangement of the double series will be justified presently. We now 
have a means of determining the x, successively. If we choose any 7% < r 
there will exist an Mo such that (2.2) holds; we then obtain the estimates 


0 


K=0 


If we define constants {b,} recursively by 


n+1 re 


we readily find that || 2n4: || S Basi || ao || , and 
(n + 1)bny1 = bp, (: + Ms). 
0 


Hence the series > b,. A” converges when || <7. It follows that the formal 
power series defining x(A) in (4.4) is convergent if | \ | < r, and x(A) is analytic. 
The justification of the rearrangement in (4.4) now presents no difficulty, and 
we actually have a solution of (4.1). The uniqueness is proved by a familiar 
argument. 
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If we define By = y, Bry = Zn (n = 1, 2, ---) we see that B, is a linear 
transformation with || B, || < 6., and from this it follows that the trans- 


formation 


(4.6) By = "Bay 
dB, 
is analytic for |X | <r. Since z(A) = Buy we see that -* and that 


B, reduces to the identity transformation when \ = 0. If A) is a fixed trans- 
formation A independent of d we see that B, = > x A”, which we may define 


AA 
asé”. 
Now let us consider the non-homogeneous equation 
(4.7) = + 20) 


where 2(A) is a given function with values in EZ, analytic in the circle | \ | < r. 
Concerning this equation we prove 

TaEoREM 4.2. There exists a solution of (4.7) which is analytic for || <r 
and which vanishes at X = 0. ‘ 

From this result and Theorem 4.1 it is clear how to obtain the general solu- 
tion of (4.7). The proof depends on the consideration of the equation 
dx * 
in the conjugate space E*, where A; is the transformation conjugate to A) 
(see §2). We recall that if X is a linear functional defined on E, A,X is the 
linear functional Y defined by Y(x) = X(A,x). Ax is analytic, | \ | <r, and 
hence Theorem 4.1 applies to (4.8). Bearing this in mind we consider first 
a lemma. 

Lemma 3. There exists a linear transformation H, on E, analytic for || <r, 
and such that for each \ it defines a one to one linear mapping of E on itself, the 
inverse transformation Hx" also being analytic, | | < r, and finally 


(4.8) xX 


(4.9) = 


Proor: Let Ho be an arbitrary linear transformation on EZ, such that it 
defines a one to one mapping of E on itself. The inverse Ho is then also 
linear." Then the transformation H, = B,Ho, where B, is defined by (4.6), 
is analytic and has the property (4.9). We shall prove that it satisfies the 
demands of the theorem. 


" Schauder, Studia Mathematica, vol. 2 (1930) pp. 1-6. Also Banach, loc. cit. Theorems 
2and 5, pp. 147-149, 
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Form the conjugate transformation (Ho')* and let J be a transformation 
in E*, so determined that it is analytic for | \| <r, = —AJG, = 


(Ho')*. This is possible, since Theorem 4.1 applies to (4.8). Now if Y is an 
arbitrary element of E*, then X, = JQY is a solution of (4.9), and therefore 


X,(c) = = —X,(Aaz) for all x in E, by the definition of A*. But 
if x(A) is a solution of (4.1) we have 2’(A) = A,x(A), and hence 


= XP(e(r)) + = 0." 


Hence 

(4.10) {X\(Hyy)} = 0 
From this we infer 

(4.11) = Xo(Hoy) = Y(y) 


since X» = HOY = (Ho')*Y, whence Xo(z) = Y(Ho'x). Equation (4.11) is 
equivalent to the equation 


(4.12) HX IGY = Y. 


Now Hy is analytic, and Ho defines a one to one mapping of E* on itself, with 
inverse” (Ho')* = (Ho). Hence, as is proved in §5 (Theorem 5.1), there 
exists a neighborhood of } = 0 in which the inverse (Hy) exists, is defined 
throughout E*, and analytic. For such values of \ (4.12) implies that 1, = 
(Hx). From this it follows that (HxIG — IGHx)Y = 0 in the neighborhood 
of \ = 0, and so for all | \ | < 7,ssince the left side is analytic. Thus finally 
we see that Hx and JG are mutually inverse for all | \| <7. Banach’s theorem, 
referred to above, then assures the unique solvability of the equation My = 2 
for every x in E, thus defining a linear inverse y = Hy'x. By Theorem 5.1 
it is analytic in| | <r. This completes the proof of the lemma. 

The proof of Theorem 4.2 is now a simple matter. Consider the function 
defined by the integral 


(4.13) w(r) = [ dt |A| <r. 


It is single-valued and analytic, since the integrand is analytic. Moreover, 
w(0) = 0 (by definition) and w’(A) = Ayx'2(d). Hence if we define 


(4.14) = Hyw(d) 


14 This differentiation formula is easily established by use of (2.3) and the expansion of 
z(). It holds under very general conditions. See footnote (18). 
® Banach, loc. cit. Theorem 5, p. 149. This theorem remains true in the complex case. 
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then z(A) is analytic, and 2’(A) = HX? w(d) + Hyw’'(d) (see footnote (14)). 
By (4.9) and the above results x(\) satisfies (4.7), and x(0) = 0. In case A, 
is the constant transformation A, and we take H, = B, = e“, then Hy’ = e™“ 
and the solution is 


(4.15) a(d) = e [ e ‘“2(t) dt. 


As we shall see in §5 there is particular interest in linear transformations of 
finite norm in a Hilbert space JC. If Fis the class of all such transformations 
A of finite norm N(A) F itself is a Hilbert space with a suitably defined inner 
product (A, B) such that N(A) = (A, A)’. Moreover || Az || < N(A) || 2 || 
where || x || = (2, z)' is the norm in IC. Concerning transformations of finite 
norm which depend on a parameter A we have the following theorem. 

TuEorEM 4.3. For each in A let A, be a member of F. Let A be analytic 
in A in the sense of Definition 1.2, and let N(A,) < K(Ao) in do.® Then A, , as 
a function on A to F, is analytic in A. In particular, the transformation A” 
defined by AS = © [Aya] (differentiation according to the norm in KC) is of finite 
norm, and 

Proor: We have merely to express Ay, A, ; Ax? by Cauchy’s integral 

formula and make use of the formula” 


418) = (¥ 


where {y,} is a complete orthonormal set in ‘H, together with the fact that 
N(Ay) < K(Ao) in Ag. We shall omit the details. 

If His  , Ay is defined by a matrix {ax(d)} such that each ax(A) is analytic 
in A, and N*(A,) = >0:x | aw(A) |? is finite” for each X, and bounded in Ay .* 
If His Lz the space F is equivalent to the space of kernels K(s, t) of Hilbert- 
Schmidt type” defined almost everywhere in the square 0 < s $ 1,0 St < 1, 
with 

1 1 1 
|| K |’ = N*(A) = [ [ | K(s, t)|?dsdt if Az = [ K(s, t)x(t) dt. 


If A, is to have the properties described in Theorem 4.3 it is not difficult to see, 
in view of Theorem 3.2, that the corresponding kernel K,(s, ¢) must be almost 
everywhere equal, for each \, to a function K(s, t, \) which is analytic in A for 
each pair s, ¢ except on a fixed, two-dimensional set of measure zero, and such 


that 
| K(s, t,) ?dsdt < K(do) in 


* For the definition of such transformations see Stone, loc. cit. p. 66. See also pp. 67- 
69 and p. 101 for matters to which we shall refer later. 
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5. Resolvents 


Our purpose in this section is to investigate the properties of the inverse 
T;' of a linear transformation 7, on E to E which is analytic in A. It is con- 
venient to define A, = I — T) (J the identity transformation) so that 7) may 
be written in the form 7, = I — A,. We recall that Tx" exists if and only 
if T,z = 0 implies x = 0. 

DerinitTion 5.1. By the resolvent set 2 of Ay with respect to the region A is 
meant the set of all points of A for which Tx’ exists, is linear, and defined throughout 
E. If dis in the resolvent set and we write Ty’ = I — Ry, the linear transforma- 
tion R, is called the resolvent of A) . 

TuroreM 5.1. The resolvent set = is either null, or a non-empty open subset 
of A. If it is not empty the resolvent R, is analytic in 2. 

Proor: It is possible that = may be the null set.” On the other hand, there 
are certainly cases in which it need not be null. Suppose that Z is not the 
null set, and let A» be a point of =. Denote by d(Ao) the distance from \» to 
the nearest point of the boundary of A. Then if M = M(a9) is the constant 
of (2.5) the resolvent set 2 contains all points \ for which 


1 
5.1 < Min <d(Ao), 
To prove this we start from the identity 
(5.2) Ty = Ty(I — — Ar)). 
Now if satisfies (5.1) we have, by (2.3) and (2.5), 

7 M*|d — 
A,—A < A — ro |"M"™ = < 


Hence || Tx, (A, — Aa,)x || || ||, where < k(A) <1. As is well 
known, we then have 


(I — — =I + Wy + Hi + —-, 
Ay = Tx) (Ay — A),)- 
This inverse is defined and linear throughout EZ. From (5.2) we can then con- 
clude the same of Ty". In fact, Ty’ = (I — My) “7x2. 

It remains to prove that 7) is analytic in =. It clearly suffices to prove this 
for (I — H,)” at the point >. Now A, is analytic in A, and it is not difficult 
to see that the same is true of H?." Also 
|| || M? — ro | 

1— — 


(5.3) 


17 See the example given by Tamarkin, Annals of Mathematics, vol. 28 (1926) p. 128. 
d 
18 The formula = Hyx = + HO Aye ( = iz) is readily established 


with the aid of (2.3) and (2.5). It may also be proved as corollary of a fundamental theorem 
about Fréchet differentials. See theorem 2 of the author’s paper referred to in footnote (3). 
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and S p < Lif 


p 
|X do | < Min + M || 
Then || Hxz || S p” || x || and so the series (5.3) converges uniformly for all » 
in the neighborhood of Xo and ||z|| < 1, thus defining a linear transformation 
depending analytically on 4. Evidently the resolvent set cannot be empty un- 
less || An || 2 1 in A. 

It is known that if A, = AA where A is a fixed completely continuous trans- 
formation, the resolvent R, is ‘meromorphic’—that is it has only isolated singu- 
larities in the finite plane, and if Xo is such a singular point R, may be written, 
in the neighborhood of Xp» , in the form Ry, = (A — Ao) "S,, where S, is linear, 
and analytic at Xo, and n is a positive integer.” This property subsists for 
the resolvent (if it exists) of a transformation A) of finite norm in a Hilbert 
space ‘ if the conditions of Theorem 4.3 are satisfied. Such a transformation 
is completely continuous. | 

TuEoreM 5.2. Let KH be a Hilbert space; let A, be a linear transformation 
satisfying the conditions of Theorem 4.3. Then if the resolvent Ry of Ay exists 
it is meromorphic in A in the sense described above. 

Proor: We must first state two lemmas about completely continuous trans- 
formations.” 

Lemma 4. If A is a completely continuous linear transformation on E to E, 
and (I — A) = I — R exists, then A + R = AR = RA. Conversely, if R 
1s a linear transformation satisfying either of the conditions 


(i) A+R=AR 
(ii) A+ R= RA 


then (I — A)” exists and is precisely I — R. 

This lemma is an immediate consequence of the Riesz theory. We recall 
that if (I — A)~* exists it is necessarily linear and defined throughout E. Also, 
the product of two linear transformations is completely continuous if at least 
one of the oric*nal transformations is completely continuous. 

Lemma 5. if A is a completely continuous linear transformation on E to E 
a necessary and sufficient condition that (I — A)’ exist is that (I — A™)™ exist 
for some integer m > 1. 

Proor: The condition is necessary, for supposing that (I — A™)™ does not 


exist for any m = 2, 3, --- we can, for each m > 1 find an zm ¥ 0 in E such 
that A"rm = tm. Let a, +++ , €m be the m roots of the equation e” = 1, 
and put 


= lm + + + 


yi H. Hildebrandt, Bulletin of the American Mathematical Society, vol. 37 (1931) 
pp. 197-198, 

” The facts upon which we rely are all contained in the paper of F. Riesz, Acta Mathe- 
matica, vol. 41 (1918) pp. 71-98. A summary of what is essential will be found in the 
reference listed in footnote (19). 
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then 
€:AYm,i = + + GA” Lm = Ym,i- 


But ym.i = Mim Osince ef + --- + & =Oif1 Sp <m. Hence for 
at least one i, say im, Ymi, 0. Moreover ¢,, # 1, since (I — A)” exists, 
It follows that (I — A)~* fails to exist for an infinite number of values of \ 
on the unit circle | \ | = 1. This is impossible, since A is completely con- 
tinuous. Hence the necessity of the condition is established. 

To prove the sufficiency suppose that (I — A") =I —Rn»(m> 1). Then 
R,, is completely continuous, and A” + Ry = R, A™ by lemma 4. If we define 


(5.4) R= +A™") + Rm + Rn(A+ + A™"), 


a direct calculation shows that A + R = RA. Hence, again by lemma 4, 
the inverse (I — A)~ exists and is precisely J — R. 

Turning now to the proof of the theorem we see, by virtue of lemma 5 that 
if Xo is in the resolvent set of A, it is also in the resolvent set of Ax for some 
m > 1. We shall find the resolvent of A; and then calculate the resolvent of 
A, by (5.4). Now Aj’, as the iterate of a transformation of finite norm, has 
the following properties: : 


N(Ax’) [N(A))]”, 


(5.5 


where {¢,} is a complete orthonormal set in I, as may be verified by elementary 
calculations. We now seek to determine a transformation Rm, such that 
Ax’ + Rnx = AXRn a. For this purpose we define, using a fixed complete 


orthonormal set {¢g,}, the quantities 
(5.6) a; ;(d) (AX ¢;, eA, 
+ bily, $i), — 1, 2, 


The a;;’s are analytic in A, and 6;(y, \) is a linear functional which is analytic 
in A for each y. Moreover, by (5.5) and other well known relations we have 


Jay = 


i,j=1 


(5.7) < + NXARY], 


|bi(y, || Ak y |? NCAR) 


| 
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so that all the quantities on the left are bounded in sub-regions of the type 
Ay,’ when y is fixed. We can then apply the theory of absolutely convergent 
infinite determinants to obtain the solution of the system 


(5.8) — = bi, 7=1,2,.---, 
in the infinite set of unknowns (r; , 72, ---).” But the system (5.8) is equivalent 
to the equation Ay’ + Rua x = AXRma if Rn, is a linear transformation and 
(5.9) rely, A) = (Raary, $i). 
Since we know that (I — Ax’) exists if \ = Xo it follows, by the von Koch 
theory, that D(\o) # 0 where D(A) is the determinant of the system (5.8). 
It is then easily shown that except at the zeros of D(A) a unique solution r;(y, ) 
of (5.8) exists; each r;(y, A) is a linear functional, and for fixed y, is meromorphic 
in A, its only singularities being at the zeros of D(A). Also, as shown by Tamar- 
kin (see reference in footnote (21), p. 135). 

F(y,d) 


é 
| rs(y, d) is 
Ply, = N*(AR) + 22 | ei, + || 
Thus we infer that the resolvent Rm, exists (defined by (5.9)) and is meromorphic 


in A. 
Applying lemma 5 and formula (5.4) the theorem is proved. 


(5.10) 


PRINCETON UNIVERSITY. 


% See J. Tamarkin, loc. cit. pp. 130-136. 
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ARITHMETIC AND IDEAL THEORY OF COMMUTATIVE SEMIGROUPS 
By A. H. Cuirrorp 


(Received January 24, 1938) 


A set S in which a multiplication ab is defined is called a semigroup if this 
multiplication is associative and commutative, if an identity element is present 
in S, and if the cancellation law holds: ab = ac implies b = c. For example, 
the non-zero elements of a domain of integrity constitute a semigroup under 
multiplication. The notions of divisibility and irreducible elements are defined 
in the usual way. A semigroup S will be called an arithmetic if every element 
of S is uniquely decomposable into irreducible elements. The problem is to 
give necessary and sufficient conditions that a semigroup must satisfy in order that 
it can be embedded in an arithmetic. Any arithmetic = containing a semigroup S 
will be called an dex’ arithmetic of S. 

This is an exact formulation of the problem of “restoring unique decomposi- 
tion by the adjunction of ideal elements.” The statement of the problem is 
in no way altered if we are considering a domain of integrity D rather than a 
semigroup. In that case we endeavor to embed the multiplicative semigroup S 
of D in an arithmetic 2, or rather the semigroup S of principal ideals in D, 
which may be regarded as arising from S by identifying elements which divide 
each other. In Dedekind’s theory of algebraic numbers, = is the set of all 
integral ideals in D, and it should be observed that 2 is not again a ring but 
only a semigroup—we can multiply two ideals but we cannot add them! This 
observation should make it clear that the problem is actually one of multipli- 
cation alone.’ 

The general solution of the problem has been effected by means of what 
Krull calls v-deals.? A subset a of a domain of integrity D is a v-ideal if it 
contains every element of D which is divisible by all common divisors of a 
in the quotient-field of D. (Every v-ideal is also a Dedekind ideal, but not in 
general conversely.) Since this definition involves only the notion of divisi- 
bility, it can be applied to a semigroup S; of course we replace ‘“quotient-field 
of D” by “quotient-group of S,” the group of all formal quotients of elements 


1 The idea of dealing with semigroups instead of rings is by no means new. See for 
example R. Dedekind, Uber Zerlegungen von Zahlen durch ihre gréssten gemeinschaftlichen 
Teiler, Ges. Werke XXVIII, Bd. 2, p. 126. 

* For a description of the theory of v-ideals and a full bibliography see W. Krull, /deal 
theorie, Ergebnisse der Math., vol. 4, no. 3, 1935, §6. 
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of S. v-ideals have all the usual properties of Dedekind ideals. They were 
discovered independently by van der Waerden’ and Arnold.‘ 

Let us recall, without explicit statement, E. Noether’s well-known conditions” 
on a domain of integrity D that the Dedekind ideals of D be an arithmetic: 


I. Divisor-chain condition for ideals. 
Il. Weak multiple-chain condition for ideals. 
III. Integral closure. 


Van der Waerden showed that if I and III hold then the v-ideals of D are an 
arithmetic. Thus v-ideals will certainly succeed in restoring unique decomposi- 
tion in D if the Dedekind ideals succeed, and may succeed where Dedekind 
ideals fail, namely for domains of integrity satisfying I and III but not II. 
But we still have no assurance, if v-ideals fail, that some further type of ideal 
cannot be found which will succeed. 

This question is to a large extent settled by Arnold’s work. An ideal arith- 
metic 2 of a semigroup S will be called normal if the following two conditions are 
satisfied : 


N,. If an element a of S divides an element b of S relative to 2, then a 
divides b relative to S. 


N;. Every element of 2 is expressible as the greatest common divisor of a 
finite set of elements of S. 


Arnold showed that if S admits any normal ideal arithmetic 2, then the semigroup 
S of v-ideals in S is also a normal ideal arithmetic of S, and in fact = and S are 
isomorphic. 

The next question which naturally arises is to find conditions on S which 
are necessary and sufficient in order that © be an arithmetic. An answer to 
this was found by Priifer:* 


I’. Divisor-chain condition for v-ideals. 
III’. Complete integral closure. 


(For the definition of complete integral closure see Krull, l.c., p. 103, or §5 
below. Priifer gives a condition equivalent to III’. In the case of a domain 
of integrity, van der Waerden’s conditions are sufficient, since I implies I’, 


and I and III together imply III’. III is necessary since III’ implies III, but 
Tis not necessary.) 


*B. L. van der Waerden, Zur Produktzerlegung der Ideale in ganz abgeschlossenen Ringe, 
Math. Ann. 101, 1929, pp. 293-308. This was reworked by Artin and presented in his form 
mn van der Waerden’s Moderne Algebra, vol. 2, §103, pp. 105-109. In Artin’s treatment two 
(ordinary) ideals are “‘quasi-equal”’ if they generate the same v-ideal. 

‘I. Arnold, Ideale in kommutativen H. albgruppen, Rec. Math. Soc. Math. Moscow 36, 
1929, pp. 401-407. 

: *E. Noether, Abstrakter Aufbau der Idealtheorie in algebraischen Zahl- und Funktionen- 
korper, Math. Ann. 96, 1927, pp. 26-61. 


Pr Priifer, Untersuchungen tiber die Teilbarkeitseigenschaften in Kérpern, Crelle 168, 
» p. 22. 
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The final question to be considered is the removal of the conditions N, and N, . 
It is very easy to show that if a semigroup S admits an ideal arithmetic satis- 
fying merely N,, i.e. one which “preserves the division relation in S,” then 
S satisfies I’ and III’, and hence © is an arithmetic. For domains of integrity D, 
this is essentially the theorem (Krull, l.c., p. 119) that D is a “finite discrete 
principal order” if and only if its v-ideals constitute an arithmetic. N, is 
even more easily disposed of, but as a matter of fact it should by rights be 
incorporated in the notion of an ideal arithmetic; for if 2 does not preserve the 
division relation in S it is of no use in studying divisibility properties in S. 

To summarize, if a semigroup S satisfies the conditions I’ and III’ then it 
admits a normal ideal arithmetic, namely ©, and © is essentially the only normal 
ideal arithmetic of S. If it does not satisfy them, then it cannot admit any 
ideal arithmetic preserving the division relation in S. I believe these results 
justify the assertion that v-ideals solve the main problem. We could hardly 
have expected that Dedekind ideals would be so successful, since the operation 
of addition plays a very essential. réle in their definition, but does not enter at 
all into the problem under consideration. 

The purpose of the present paper is to study the arithmetic of semigroups 
in which the cancellation law is not postulated, hence applicable to rings con- 
taining divisors of zero. (Semigroups for which the cancellation law holds will 
be called regular.) In §1 elementary criteria are given in order that a semi- 
group shall be an arithmetic. Ideals are introduced in §2. In §3 the criteria 
of §§1 and 2 are applied to rings. Arnold’s theorem is proved in §4. Finally, 
for the sake of completeness, regular semigroups are taken up in §5. 

This paper is a revision and expansion of a thesis (California Institute of 
Technology, 1933) written under Professors E. T. Bell and Morgan Ward, and 
I wish to take this opportunity to express my appreciation of their guidance 


and inspiration. 


1. Elementary criteria for unique decomposition 


By a semigroup we shall mean a set S of elements a, b, c, --- which is closed 
under a commutative and associative binary operation: 


ab = ba, 
a(bc) = (ab)c, 


for alla, b,c in S. For example, every commutative ring is a semigroup under 
multiplication. We shall also assume that S contains an identity element, 1.¢. 
an element 1 with the property that 


la=al=a 


for all a in S. This is not a vital assumption, for if no such element were 
present we could easily adjoin one. 
We say that a divides b, and write a | b, if there exists c in S such that ac = b; 
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ais a divisor or factor of b, and 6 is a multiple of a. a/b shall mean that a 
does not divide b. Ifa| band b | a we say that a and b are associate, and write 
a~b. A divisor of the identity element 1 is called a unit; the set of all units 
in Sisagroup. If a|b but b / a, then a is a proper divisor of b, and we write 
a\|b. 

- element of S having a proper divisor which is not a unit is called reducible, 
and otherwise irreducible. An element of S which can be expressed as a product 
of a finite number of proper divisors of itself is called decomposable, otherwise 
indecomposable. An irreducible element is evidently indecomposable, but not 
always conversely. An element p of S is called prime if from p | ab we can 
always infer p | a or p | b, and completely prime if, for every positive integer n, 
p" | ab implies p" | a or p | b. If a prime divides a product of a finite number 
of elements of S, it must divide one of the factors, and so is necessarily inde- 
composable; it may, however, be reducible. 

Let us form the successive powers a, a’, a’, --- of an element a of S. There 
may or may not exist a*power a’ of a which is divisible by a higher power 
a"(m>r). If there does, let r be the least such power, and suppose a”™ | a’ 
(m > r). Then a’ | a”, whence a’ | a’, a*’ ~ a’. On multiplying suc- 
cessively by a we see that a” ~ a’ for every n 2 r. Hence either (i) all the 
powers of a are non-associate, or (ii) there is a number r such that the first r 
powers of a are non-associate, while all higher powers are associate to a’. In 
case (i), we say that a has infinite index; in case (ii), we say that a has index r. 
The index of an element is the number of non-associate powers of that element. 

We shall say that S has the property of unique decomposition into irreducible 
elements, or briefly that S is an arithmetic, if 


(i) every element a of S is expressible in the form 
(1.1) @ = epi' pr’ --- pr; 


where , P2, , Py are non-associate irreducible elements of S, a; , a2, , 
are positive integers, and e is a unit; and if 


(ii) from the existence of two such decompositions, 


(1.2) a = epi'ps* --- qe? 
we can always infer that r = s and, by suitable numeration, that p; ~ qi and 
~ qi 1,2, ---,r). This last evidently means that either a; and 8; 


are equal or that neither of them is less than the index of p; (and q). 

The associate relation ~ is evidently an equivalence relation (reflexive, 
‘ymmetric, and transitive), and if a ~ a’, b ~ b’, then ab ~ a’b’. Hence if 
we denote by @ the class of all elements of S associate to a we can define the 
product of two classes @ and 6 unambiguously by 


a-b = ab. 
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The classes of associate elements of S constitute a semigroup S homomorphic 
with S under the mapping a > d (a — 4, b— b imply ab > ab). Shas the 
property that if @ and 6 are associate in S then they are equal. Any semigroup 
having this property will be called reduced, and S will be called the reduced 
semigroup of S. S and S have the same structure as far as those properties 
are concerned which depend only on division, for a | b in S if and only if a |b 
in 8. Hence a || b if and only if 4 || 6, p is irreducible or prime if and only if p 
is likewise, etc. The notion of decomposability i is, however, not definable in 
terms of the division relation alone; if a in S is decomposable then @ will be 
decomposable in S, but not always conversely. 

The definition of unique decomposition becomes a great deal simpler for a 
reduced semigroup S. Since the identity element 1 is the only unit in S, we 
may drop the factor e in (1.1). We can assume that no a; in (1.1) exceeds the 
index of the corresponding irreducible p; , for if p is an element of index r then 
p" = p foralln =r. With this restriction we obtain absolute unicity in (ii) 
to within a permutation of the factors, i.e. by suitable numeration p; = 4q; 
and a; = 8. 

If a (non-reduced) semigroup S is an arithmetic, then evidently so also is S, 
but the converse need not be true; for if S is an arithmetic, all we know is that 
every element of S is associate to a power product of irreducibles, and not 
actually equal to such a power product multiplied by a unit. It is for this 
reason that we put up with a few extra complexities rather than deal only with 
reduced semigroups from the beginning. We shall see that this unpleasant 
situation cannot arise if S is a ring (Theorem 3.2). 

THEOREM 1.1: A semigroup S is an arithmetic if and only if it satisfies the 
following three conditions: 


A. (Divisor-chain condition.) There exists in S no infinite sequence a, , dz, --*; 
dn, +--+ such that an41 || an for all positive integers n. 


B. Every reduczble element of S is decomposable. 
C. Every irreducible element of S is completely prime. 


Proor: If every proper divisor of an element a of S is expressible as a finite 
product of indecomposable elements, then the same is true of a. Hence if 
there exists an element a; of S which is not so expressible, then a; has a proper 
divisor cz with the same property, a2 has a proper divisor a3 with the same prop- 
erty, etc. Therefore if S satisfies condition A we conclude that every element 4 
of S is expressible as a finite product, 


Pry 


of indecomposable elements of S. If S satisfies B also, then pi, pz, --* » Pr 
are irreducible. 

To get this in the desired form (1.1) we note that if p and q are associate 
irreducible elements of S, then either they differ only by a unit factor or else 
they are both of index one. For since q | p we may write p = cq. Since p is 
irreducible, c is either a unit or associate to p; in the latter case, from ¢ ~ ? 
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and g ~ p we infer p ~~ p’. Hence a product pip: --- px of k associate irre- 
ducibles p; of index greater than one can be put in the form epi, where e is a 
unit. If, on the other hand, the p; all have index one, then the whole product 
is itself an irreducible element. 

ConditionC assures the unicity. For if (1.2) holds, then p; divides the product 
on the right and so by C must divide one of the factors (other than e’), say q: . 
Since q, is irreducible, this means that p; ~ q:. Similarly p2 must be associate 
to one of the q;, and this g; cannot be q since this would imply p; ~ pe ; we 
may therefore call it gz. Continuing thus we see that r < s, and hence by 
symmetry r = 8, and that p; ~ qi (¢ = 1, 2, ---, r) in the new enumeration 
of the q’s. Since moreover 


it follows from C that pf‘ | gj’, and hence by symmetry pf! ~ q?!. 

Proceeding now to the converse, we note first that B is immediate. For if a 
reducible element a of S has the decomposition (1.1) then evidently e, p: , --- , Dr 
are all proper divisors of a. Now the reduced semigroup S of S is also an 
arithmetic, and if S has the properties A and C then S has them also. Hence 
we need only show that a reduced arithmetic S has the properties A and C. 

Let 


a= pj'--- pr” 


be any element of S, where the p; are distinct irreducibles. It is readily seen 
that all divisors of a are described by the elements 


pi... pi (0<& Sa). 


Since these are finite in number, it follows that no element of S can have an 
infinite number of divisors, from which A follows immediately. 

To show C, suppose that p is an irreducible element of S, p” | ab (n any 
positive integer), but p 4 b. Then c exists in S such that p’c = ab. We may 
assume furthermore that n does not exceed the index of p. On thinking of 
a, b, and ¢ decomposed into irreducibles, it follows from the unicity of the de- 
composition of ab, and the fact that the irreducible p does not occur in the 
eigen of b, that p must occur in that of a with multiplicity not less 
than n. 

An element d of S is called a greatest common divisor (GCD) of a subset A 
of Sif (i) d is a common divisor of A, i.e. divides every element of A, and (ii) 
dis divisible by every other common divisor of A. If such ad exists it is unique 
to within associate elements. If A is finite, and consists of the elements 
%, 2, +--+ , Gm of S, we shall write 


d ~ (1, 2, +++ , Gm). 


If every pair of elements a, b of 8 has a GCD then by a simple induction one 
Sees readily that every finite set of elements of S has a GCD, and one may insert 
parentheses at will in (a; , a2, , Gm). 
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TuEorEM 1.2: Condition C of Theorem 1.1 may be replaced by the following 
two conditions: 
D. Every pair of elements a, b of S has a GCD (a, b). 
E. For every three elements a, b, c of S, 
a(b, c) ~ (ab, ac). 
Proor: We first note three simple consequences of D and E. 
(1.3) (diy Gm) (br, bn) ~ (ili, , , 


where all the mn terms a;b; (¢ = 1, ---, m;j = 1, ---, m) appear on the right. 
(1.4) If (a, b) ~ 1 and (a, c) ~ 1, then (a, be) ~ 1. 
(1.5) Ifa|be and (a, b) ~ 1, then a | c. 

To establish C, let p be an irreducible element of S, and suppose that p” | ab, 
p * b. From p 7 6b follows (p, b) ~ 1. By repeated applications of (1.4), 
(p”, b) ~ 1, and by (1.5), p” | a. 

To show the converse, we may again assume that the arithmetic S is reduced, 
for D and E will hold in S if they hold in S. If a, b, c are any three elements 
of S, we can write 


a= pi' Dr’; 
b = 
c= pi’ py’, 


where some of the integers a; , 8: , yi; may be zero. All common divisors of a 
and b are described by the elements 


pit... pi (0 < &; < min (ai, B,)). 
Hence 
d = pi p, 6; = min (a; , Bi), 


is a GCD of a and b, which proves D. Since 
min (a; + Bi, a: + vi) = a; + min (6;, ¥i), 
it follows that (ab, ac) = a(b, c), proving E. 


2. Ideals 


A subset a of a semigroup S is called an ideal if it contains every element } 
of S for which the following proposition is true: whenever two elements s and t 
of S are such that s | at for all a in a, then we can infer that s | bt. 

If A is any subset of S, the set (A) of all elements a’ of S such that s | at 
(all a in A) implies s | a’t is an ideal which is contained in every ideal contain- 
ing A. (A) is called the ideal generated by A, and A is a basis of (A). An 
ideal having a finite basis of elements a; , a2, --- , dm of S may also be denoted 
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by (a1, a2, -** » @m); Such an ideal will be called finite. A principal ideal is an 
ideal (a) having a single basis element a; it consists of all multiples of a. 

The ideal sum of a set of ideals in S is defined to be the ideal generated by 
their class sum, i.e. the smallest ideal containing all of them. We denote the 
sum of a finite set of ideals a, , a2, --- , Gm by (a1, a2, --- , Gm). Evidently 


((a, 6), c) = (a, (6, c)) = (a, b,c), 
so that we can remove or insert parentheses at will. Note also that 


The product ab of two ideals a and 6b is defined to be the ideal generated by 
the set of all products ab with a in a and b in 6. We may write ab for (a)b. 
If A and B are arbitrary subsets of S, then 


(2.1) (AB) = (A)(8), 


where AB is the set of all products ab with a in A and bin B. For (AB) is 
evidently contained in (A)(B), and contains all products a’b’ with a’ in (A) 
and b’in (B). To prove the last assertion, let s and ¢ be any two elements of S 
such that s | abé for all a in A and all b in B. Since a’ is in (A), this implies 
s|a’bt for allbin B. Since b’ is in (B), this in turn implies s | a’b’t. 

In particular, for finite ideals, 


(2.2) (a, bn) (a,b, , +++, Ombn). 


From (2.1), the associative law 


ab-c = a-be 
and the distributive law 
(2.3) a(b, c)= (ab, ac) 
follow easily. 
S itself is the principal ideal (1). Evidently 
(1)a = a(1) =a 


for every ideal a. Since plainly 
ab = ba, 


it follows that the set © of all ideals in S is a semigroup. Since (a)(b) = (ab), 
and (a) = (b) if and only if a ~ b, the set Gp of all principal ideals in S is a 
subsemigroup of S isomorphic with the reduced semigroup of S. If a | 6 
in S, ie. if an ideal ¢ exists such that ac = 6, then plainly a D> b. Hence if 
‘~ bin S then a = b, so that S is a reduced semigroup. 

. prave 2.1: If a semigroup S satisfies the condition F below, then every ideal 
18 finite. 
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F. There exists no infinite sequence of finite ideals a, , a2, a3, --- in S such 
that’ an € anya (n = 1, 2, 3, ---). 

Proor: Let a be any ideal, and a; any element of a. Ifa ¥ (a;), a contains 
a2 not in (a). Ifa (a1, a2), a contains a; not in (a;, a). Continuing thus, 
we construct a sequence of finite ideals a, = (a1, @2, ---, @,) such that a, 
C Qn41. Hence by F we must have a, = a for some finite n. 

THEOREM 2.2: Condition C of Theorem 1.1 may be replaced by the following: 
G. Every ideal in S is a principal ideal. 

Proor: We prove the sufficiency of A, B, and G by showing that G implies 
the conditions D and E of Theorem 1.2. If (a, 5) = (d), then it is easily verified 
that dis a GCD of a and b, and by (2.2) 


(ac, be) = (a, b)(c) = (a)(c) = (de). 


We prove the necessity by showing that G is a consequence of the conditions 
A, D, and E. From D it follows that every finite set of elements a;, --- , ap 
of ShasaGCDd. Sinced|a;(¢ = 1, ---, m), (a1, ---,@m) & (d). To show 
that (a: , --- , dm) 2 (d), suppose that s and ¢ are any two elements of S such 
that s | at (i = 1, ---, m). By E, dt is a GCD of at, ---, ant, and hence 
s|dt. This shows that every finite ideal is principal. But then A is equivalent 
to the condition F of Theorem 2.1. Every ideal in S is therefore finite, and 
hence principal. 

If a and 6 are ideals, the set of all elements c in S such that ac ¢ 6 is an 
ideal c which we denote by 6: a and call the quotient ideal of b by a. Condition 
K in the following theorem is a strengthening of the obvious relations 


a: 6 Da 2 (a: b)- 5. 


Condition H requires that the relations “containing” and “dividing” shall be 
synonymous. 

THEOREM 2.3: The two conditions H and J below (on a semigroup 8S) are 
equivalent to the two conditions F and K: 

H. a = b implies a | b(a, 6 ideals in S). 

J. The semigroup © of ideals in S is an arithmetic. 

F. Chain condition for finite ideals (Theorem 2.1). 

K. Ifa 6C (1), thena: 6 Da anda = (a: b)-b. 

Proor: Assume H and J. Applying condition A of Theorem 1.1 to ©, we 
see that there can exist no infinite sequence of ideals a, a2, --- such that 
|| Qn. By H, || a, is equivalent to a, which proves F. 

IfaC bC (1) then b ||abyH. Since © is a reduced arithmetic and 6 # (1), 
it follows that a = be, where || a,ie.a Cc. But froma = be follows ¢ a: 5, 
whence a C ¢ € a:b anda = be & Bb(a: 6), which proves K. 

Conversely, assume F and K. H is an immediate consequence of the second 
part of K. We prove J by provingA, B, D, and E of Theorem 1.2 applied to ©. 


7 The symbol C means “‘is a proper subset of.”’ 
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A follows from H and F, B from H and K. By H, the ideal sum (a, 6) of two 
ideals a and 6 is the GCD of a and 6, proving D. E then follows from (2.3). 


3. Applications to rings 


We interrupt the main development at this point to apply the criteria of 
Theorems 1.1, 1.2, and 2.2 to (commutative) rings which may contain divisors 
of zero. An element of a ring is regular if it is not a divisor of zero; a regular 
element must be of infinite index. The main purpose of this section is to show 
that the condition B can be. replaced by the following: 

L. If a1, G2, G3, --+ 18 an infinite sequence of elements such that an || Ans 
(n = 1, 2, 3, ---), then no element a ¥ 0 is divisible by all the elements a, of 
the sequence. 

TueorEM 3.1. If R is a ring satisfying the condition L, then every reducible 
element ~ 0 of Ris decomposable. Hence for rings the condition B of Theorems 1.1, 
1.2, and 2.2 may be replaced by L. 

Proor: Let a ¥ 0 be a reducible element of R, and b a proper divisor of a, 
not a unit. Then a = be with cin R. If c || a the result is established. If 
c ~~ a then be ~ ba, so that a ~ ba. On multiplying again and again by b, 
we see that a ~ b"a for all positive integers n, and hence that a is divisible by 
each element of the infinite sequence b, b’, b*, ---. From L it follows that b 
must be of finite index, and hence a divisor of zero, i.e. there exists d ~ 0in R 
such that bd = 0. We proceed to show that the equation 


a = b(c + d) 


is a decomposition of a, i.e. c + d || a. Nowa|c, say af = c, and hence if a 
were a divisor of c + d it would divide d, say ag = d. But from this we would 
infer 


d = ag = beg = bafg = bfd = f-0 = 0, 
in contradiction to d ¥ 0. 


The second part of the theorem is an immediate consequence of the first part, 
together with the evident necessity of L: 


_ Ifa ring R is an arithmetic and actually contains divisors of zero, then 0 
itself has a unique decomposition, 


and R is essentially finite; the reduced semigroup of R kas exactly (a: + 1) 
(a2 +1) +++ (aq + 1) elements. When we say that a domain of integrity is an 
arithmetic we naturally exclude the (indecomposable) element 0. 

As an application of Theorem 3.1, we prove two simple corollaries. 


wie to A. Frinkel, Uber die Teiler der Null und die Zerlegung von Ringen, Crelle 145, 
p. 150. 
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Corotiary 1: If every Dedekind ideal of a ring R is a principal ideal, and R 
satisfies the condition L of Theorem 3.1, then R is an arithmetic. 

The first of these conditions, as is well known, implies the condition A of 
Theorem 1.1. Since every ideal of the type discussed in §2 is also a Dedekind 
ideal, condition G of Theorem 2.2 holds. 

Corotiary 2: If a is any Dedekind ideal ~(0) in a domain of integrity D 
whose Dedekind ideals constitute an arithmetic, then the quotient-ring D/a is an 
arithmetic. 

In the first place, every Dedekind ideal in D/a is a principal ideal.’ In the 
second place, there can exist no infinite sequence of ideals a, D a2 D a; D ... 
in D all containing a; this is the condition II of E Noether mentioned in the 
introduction. Applying this to principal ideals in D/a, we see that L is true, 
and the result follows from Corollary 1. 


The rest of this section will be devoted to showing that if a ring R having 
an identity element 1 is an arithmetic, then associate elements of R differ 
only by a unit factor, i.e. if a ~ b then a = eb where ¢ is a unit. 

Lemma 3.1: If, in a semigroup S, every irreducible p of index one differs from 
its square p’ by a unit factor, then any two associate irreducibles of S differ by a 
unit factor. 

Proor: In the proof of Theorem 1.1 it was shown that any two associate 
irreducibles of index >1 differ by a unit factor, so we need only prove the case 
of index one. 

We note first that if p is an idempotent irreducible (p> = p) and pz = p, 
then either z is a unit orz = p. For if x is not a unit, then p | z, say py = 2; 
then p = pr = py = py = 2. 

From this it follows that two associate idempotent irreducibles p and q differ 
by a unit factor. For if pa = q and gb = p, then 


pab= qb =p, gab = pa = 


If ab is not a unit then p = ab and q = ab, whence p = q. 

Suppose now that p and q are any two associate irreducibles of index one. 
By hypothesis there exist units w and v in S such that p’u = p and qv = 4. 
But then pu and qv are associate idempotent irreducibles; hence there is a unit 
w in S such that pu = quu, or p = q-u ‘ow. 

THEOREM 3.2: In a ring R having an identity element, any two associate trre- 
ducibles differ by a unit factor. If R is an arithmetic, then any two associate 
elements of R differ by a unit factor. 

Proor: The second part is of course an immediate consequence of the first. 
By Lemma 3.1 we have only to show that an irreducible p in R of index one 
differs from p’ by a unit factor. 


* See for example van der Waerden, I.c., vol. 2, p. 102. 
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Since p is of index one, p’ | p, say pa = p. If a is not itself a unit then 
p|a,say pb = a. Then a = pb = pab = pa-pb = pa’. We therefore have 


p(l — pa) = a(l — pa) = 0. 
Since pa is idempotent, the same is true of 1 — pa. Hence 


(1 — pa + p)(1 — pa + a) = (1 — pa)’ + (p + a)(1 — pa) + pa 
pa+pa=1l. 
Thus u = 1 — pa + pis a unit, and 
pu = p(l — pa) +p =p’. 
4. Normal ideal arithmetics 


A reduced semigroup 2 will be called an ideal arithmetic of a semigroup S 
if (i) 2 is a reduced arithmetic and (ii) = contains a subsemigroup 2» isomorphic 
with the reduced semigroup S of S. We may identify 2) with S in the usual 
way, and simply say that 2 2 S. Since the existence or non-existence of such 
a = concerns § rather than S, we shall deal only with reduced semigroups 
throughout this section. The notations a |x b and a |x b will be used to indicate 
division relative to S and = respectively; unless otherwise indicated, division 
will always be understood to be relative to 2. Since = is an arithmetic, every 
pair of elements a, 8 of = has by Theorem 1.2 a GCD in = which we now denote 
by {a, B}. 

An ideal arithmetic 2 of a reduced semigroup S is called normal if the fol- 
lowing two conditions are satisfied: 

N,. 2 preserves the division relation in S, i.e. a |: b if and only if a |s b (a, b 
in 8). 

N:. Each element a of = is the GCD of a finite set of elements a, --- , Gm 
of S: = {a,, , Am}. 

Lemma 4.1: If a is any element of a normal ideal arithmetic = of a reduced 
semigroup S, then there exists a finite set of elements &, &, --- , & of = such 
that af , a&, --- , at are in S and {&, &,---, &} =1. 

Proor: Let p be the GCD of the set Z of all elements £ of = such that aé 
isin S. Then ap is the GCD of the set a=. But the latter is precisely the 
set of all multiples of a in S, so that a is the GCD of aE by Nz. Hence ap = a; 
If p = 1 the result is evident since the GCD of any set of elements of an arith- 
metic is the GCD of a finite subset thereof. We proceed to show that the 
assumption p ¥ 1 leads to a violation of the divisor-chain condition in 2 (A of 
Theorem 1.1), 

In the first place, if p ~ 1 then it must be a proper divisor of every é in =. 
for if p were itself in = then a(= ap) would be in S, and = would contain 1. 
Hence if & is any element of = there exists a proper divisor f of & such that 
& = pt. But then af = age, so that & is also in =. Thus every element 
of has a proper divisor in =, contrary to the divisor-chain condition. 
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Lemma 4.2: Let = be a normal ideal arithmetic of a reduced semigroup S, and 
let a; , @2, --+ , Gm be a finite number of elements of S. Then every element of 
the ideal (a; , d2, , Gm) divisible by {a1 , , Gm}. 

Proor: Let a = {a, --- , dm}, and let a be any element of the ideal (a,, -.. , 
am). We show first that if £ is any element of 2 such that at = c is in S, then 
a | aé. 

By {s1, --- , withs,, --- in S, and by N, 

(i =1,---,m;j =1, ---,n). 
Since a is in (a, , Gm), 
c |s as; (j = 1,---,n). 


Hence c divides the GCD {as,,---, as,} = at of theas;. Since a|c we 
conclude that a | aé. 

By Lemma 4.1, there exist & ,--- , & in 2 such that af, --- , aé, are in § 
and {f,---, &} = 1. From the foregoing, a divides the elements aé,, --- , 
aé, and hence also their GCD {aé, --- , a&-} = a. 

TueEorEM 4.1: The semigroup S of ideals in a reduced semigroup S is a normal 
ideal arithmetic of S if and only if (i) S is an arithmetic and (ii) a 2 b implies 
a |e b (a, b ideals in S). 

These are the conditions J and H of Theorem 2.3; hence we can also say that S 
is a normal ideal arithmetic of S if and only if F and K are satisfied. 

Proor. Assume J and H. Since the set Go of principal ideals in S is a 
subsemigroup of © isomorphic with S, it follows from J that © is an ideal 
arithmetic of S. If a|¢b (a, bin S) then (a) D (0), a |s b, and N, holds. Since 
J and H imply F, every ideal a has by Theorem 2.1 a finite basis, a = (4, ---, 
Gm). From H it follows that ais the GCD in © of a, --- , dm , and N; holds. 

Suppose conversely that © is a normal ideal arithmetic of S; we need of course 
only prove H. By Na, every ideal a is the GCD of a finite number of principal 
ideals (a;), (a2), --- , (am). Since a contains each of the latter, it contains the 
ideal (a; , @2,---,@m). Let s and t¢ be any two elements of S such that s |s ait 
(i = 1,---,m). Since a(t) is the GCD of the ideals (a,)(t), we have (s) |¢ a(t) 
and hence (s) 2 a(é). If a is any element of a, (s) 2 a(t) 2 (a)(¢) and hence 
s|sat. Thus every element of a is in (a,, --- , @m), Whence a = (a1, --- , 4n)- 

From Lemma 4.2 it follows that a divides every element of a. Hence if 
b > a then b divides each of the elements a; and therefore divides their GCD a. 

Turorem 4.2. If a reduced semigroup S admits a normal ideal arithmetic = 
then the semigroup © of ideals in S is also a normal ideal arithmetic of S, and in 
fact S and & are isomorphic. 

The isomorphism between S and > is established in such a way that if a in = 
corresponds to a in S then a is the GCD in & of the elements of a and a is the set of 
all multiples of «in S. In particular, the elements of S are invariant if we identify 
S with the semigroup So of principal ideals. 

Proor. According to Nz, every element a of = can be represented as the 
GCD a2, ---, dm} of a finite set of elements a2, 4m of S. The 
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bulk of the proof will be to show that we can set up a one-to-one correspondence 
between = and the semigroup ©’ of all finite ideals in S such that {a;, az, --- 
dm} and (a, 42,°*, Gm) correspond. To do this we must show that 


, Gm} {bi , be, , bn} 


if and only if 
(a, , 2, +++ ,Qm) = be, ---, bn). 


This will follow if we can show that (a;, --- , @m) coincides with the set of all 
multiples of {a1, --- , @m} in S, and hence that {a:, ---, @m} is the GCD in = 
of all the elements of (a1, --- ,@m). By Lemma 4.2 every element of (a;, -- - 
a») isa multiple of {a; , --- , @m}; hence we have only to show the converse. 

Let a = {a,, +++, Gm}, and let a be any multiple of ain S. Let s and t be 
any two elements of S such that s |sa¢ (i = 1,---,m). Since at is the GCD 
of the elements at, ---, @mé it follows that s|z at. Since a |z a, we conclude 
thats |» at, and hence, by Ni, s |s at, so that aisin (a; , --- , dm). 

That the correspondence thus established between ©’ and = is an isomorphism 


’ 


_ isevident from the multiplication laws (1.3) and (2.2). Nowif (a, --- ,@m) D 


(b),-++, b,) then a|| 8, where a = {a,,---, Gm} and B = {b,---, da}. 
For a| 8 from what we have shown above, and were a = 8 we would have 
equality between the ideals. Consequently we can conclude the chain condition 
F of Theorem 2.1 for finite ideals in S from the chain condition A of Theorem 1.1 
for elements of the arithmetic 2. Thus every ideal in S is finite, S’ = S, and 
hence @ and Z are isomorphic. From this isomorphism it naturally follows that 
S is a normal ideal arithmetic of S. 


This theorem has two important aspects. In the first place it tells us that 
ifa reduced semigroup S admits a normal ideal arithmetic of any kind whatever, 
then the semigroup © of ideals in S—which we can always construct, at least 
theoretically—will serve the purpose. Thus, by Theorem, 4.1, the conditions 
F and K of Theorem 2.3 are necessary and sufficient conditions that S admit a 
normal ideal arithmetic of any kind. In the second place it tells us that if these 
conditions are satisfied then S has—to within isomorphism—only one normal 
ideal arithmetic, namely G; S is then characterized by the conditions N, and 
N,. If, in particular, the Dedekind ideals in a ring constitute a normal ideal 
arithmetic thereof, then they coincide with the v-ideals. Note that if S is 
itself an arithmetic then it is a normal ideal arithmetic of itself and hence S 
roincides with S, i.e. every ideal is a principal ideal (Theorem 2.2). 


5. Regular semigroups 


A semigroup S will be called regular if the cancellation law holds in S, i.e. 
from ab = ac we caninferb =c. The non-zero elements of a domain of integrity 
Constitute a regular semigroup under multiplication. 

very non-unit element of a regular semigroup S has infinite index; hence in 


| 
| 


ia 
| 
| 
; 4 
of 
n). 
n). 
we 
nS | 
mal 
ut S 
is a 
deal 
ince 
ds. 
purse 
cipal 
s the 
a;t 
S a(t) 
nence 
ice if 
SD a. i 
ic 


608 A. H. CLIFFORD 


the definition (§1) of unique decomposition we must have a; = B;. Two asso- 
ciate elements of S difler only by a unit factor; hence S is an arithmetic if its 
reduced semigroup S is, and we could restrict ourselves to reduced semigroups 
from the beginning. If b||a, a = bc, b not a unit, then c || a; hence every 
reducible element of S is decomposable. Thus—for domains of integrity—the 
developments of §3 are quite unnecessary. It is readily seen that every prime 
element of S is completely prime, and that the condition E of Theorem 1.2 is a 
consequence of D. Theorems 1.1, 1.2, and 2.2 now become a good deal simpler. 

THEorEM 5.1. A regular semigroup S is an arithmetic if and only if it satisfies 
the divisor-chain condition A of Theorem 1.1 together with one of the following three 
conditions: 

C’. Every irreducible element of S ts prime. 

D. Every pair of elements of S hasaGCD in S. 

G. Every ideal in S is a principal ideal. 

We can embed every regular semigroup S in a group G by constructing formal 
quotients ab of elements a, b of S in the well-known way, i.e. ab” = a’b’” if 
ab’ = a’b, and (ab™’)(cd~*) = (ac)(bd)*. If Sis the multiplicative semigroup of 
the non-zero elements of a domain of integrity D, then G is the multiplicative 
group of the non-zero elements of the quotient-field of D. We call @ the 
quotient-group of S. 

The notion of division relative to S can be extended in the usual way to 
elements a, B of G,i.e.a|sB if Ba isin S. A subset A of G is called integral if 
A € S, and fractional if there exists a common denominator c in S for all the 
elements of A, i.e.cA € S. The set of all elements & of G for which £A € Sis 
denoted by 

We may now say that an element a’ of S belongs to an ideal a if from st” | a 
(all a in a) we can infer st” | a’, i.e. if a’ is divisible by all common divisors in G 
of the set a. The notion of an ideal can be extended to subsets a of G without 
modifying the definition, i.e. a is an ideal if it contains every element of @ which 
is divisible by all common divisors of a, but we restrict ourselves to fractional 
ideals. If A is any fractional set, it is readily verified that (A~’)~ is precisely 
the set of all elements of G divisible by all common divisors of A, and is therefore 
the ideal generated by A. A subset a of G is therefore an ideal if and only if 
(a) =a. 

Evidently (A) 2 A, and if A 2 B then A ¢ B™. From this it follows 
that A~ is an ideal if A is any fractional set. If an ideal a has the property that 
aa’ = (1) it is called invertible. The semigroup © of all ideals in G is a group if 
and only if every ideal is invertible. 

An element a of G is said to be almost integral with respect to S if there exists 
an element c in S such that all the elements ca” (n = 1, 2,3, ---) areinS. Sis 
completely integrally closed if it contains all elements of G which are almost 
integral with respect to S. 

Lemma 5.1. Every regular arithmetic S is completely integrally closed. If a 
regular semigroup S admits a regular ideal arithmetic = preserving the division 
relation in S (condition Ny), then S is completely integrally closed. 
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Proor. Suppose that ab™ is almost integral with respect to S. Then 
cexists in S such that the elements c(ab™’)" are in S, i.e. b" | ca" (n = 1, 2, ---). 
Since S is an arithmetic we can assume (a, b) ~ 1. Then (a", b") ~ 1 and 
b"|c. But this is impossible unless b is a unit, whence ab‘ is in S. 

To prove the second part we note that a regular semigroup S is completely 
integrally closed if and only if its reduced semigroup S has this property. Hence 
we may assume that S is itself reduced, and S © 2. The quotient-group 
G of S may then be regarded as a subgroup of the quotient-group of =. Hence 
if ab’ is an element of G almost integral with respect to S, it is almost integral 
with respect to 2. But 2 is an arithmetic, and from the first part of the lemma 
it follows that ab™ is in 2. This means that b |: a, and by N;, it follows that 
b|sa, ie. ab” is in S. 

Lemma” 5.2. The semigroup © of all fractional ideals in a regular semigroup S 
is a group if and only if S is completely integrally closed. Under these circum- 
stances, if a> b (a, b in @) then a| b relative to the semigroup © of all integral 
ideals in S. 

Proor. Assuming that S is completely integrally closed, we show that 
every ideal a of @ is invertible. Let a be any element of the ideal (aa')™, i.e. 
any element of G such that aaa’ & (1). Then aa’ & a’, whence a"a' © 
a(n = 1, 2,---) and aaa & (1). Hence if c is any element of aa? then 
ca" isin S for alln = 1, 2, --- , ie. ais almost integral with respect to S. a is 
therefore in S by hypothesis, which shows that (aa *)* & (1), whence aa’ 2 (1). 

Assuming now that © is a group, suppose that a 2 b. Then (1) = aa’ 2 
ta’, so that c = ba” is an integral ideal. Since ac = baa’ = 6(1) = 6, it 
follows that a |e b. 

Let a be any element of G almost integral with respect to S. Then the ideal 
(a, a’, a’, ---) generated by all the powers of @ is fractional, since there exists c 
in § such that all the elements ca” (n = 1,2, ---) arein S. The same holds for 
(l,a,a’,---). Since 


(1, a, a’, -) = (a, a’, a’, +) 
it follows from the above that there exists an integral ideal c such that 
(i, Qa, a’, -)e (a, a’, a’, +? -) (1, a, a’, -)(@). 


Since © is a group we can cancel the ideal (1, a, a”, ---) on both sides. From 
(«) = cit follows that @ is in S. 

TuroreM 5.2. For a regular semigroup S, the two conditions H and J’ below 
are equivalent to the two conditions F and M. 

H. Ifa > 6(a and b integral ideals in S), then a |e b. 

J’. The semigroup & of integral ideals in S is a regular arithmetic. 

F. Chain condition for finite integral ideals (Theorem 2.1) 

M. S is completely integrally closed. 


Krull, Le., p. 120. 
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Proor. Since J’ is a stronger condition than J of Theorem 2.3, it follows 
from the latter that H and J’ imply F. From Theorem 4.1 we see that & is a 
regular normal ideal arithmetic of S. M then follows from Lemma 5.1. 

Conversely, H is a consequence of M by Lemma 5.2. J’ is then proved by 
establishing A and D of Theorem 5.1 applied to GS, as in the proof of Theorem 2.3. 

TueorEM 5.3. If a regular reduced semigroup S admits a regular ideal arith- 
metic © which preserves the division relation in S (condition Nj), then the semigroup 
S of integral ideals in S is a regular normal ideal arithmetic of S. 

Proor. We proceed to show that S satisfies the conditions F and M of 
Theorem 5.2; then from H and J’ it follows that S is a regular normal ideal 
arithmetic of S (Theorem 4.1). 

M follows from Lemma 5.1. To prove F we show first that if a is the GCD 
in = of an integral ideal a, then a is precisely the set of all multiples of a in S. 
Since a is evidently contained in this set, we need only show that any multiple 
cof ain Sisina. Suppose that s and ¢ in S are such that s |s a¢ for all a in a. 
Since at is the GCD of the set of all at with a in a, it follows that s | at. Since 
a |s c it follows that s |z ct, and hence s |s ct by Ni. 

From this it follows that if a and 6 are integral ideals such that a > 6, and 
if a and £ are their respective GCD’s in 2, then a|| 8. The condition F is 
therefore a consequence of the divisor-chain condition A for elements of the 
arithmetic 2. 


From this theorem it follows incidentally that condition H of Theorem 5.2 is a 
consequence of J’, for S always satisfies N,. Hence if © is a regular arithmetic, 
it must be a regular normal ideal arithmetic of S. 

We conclude with a theorem which gives a (not altogether satisfactory) 
answer to the question of whether or not a regular semigroup admits a regular 
ideal arithmetic of any kind whatever. 

THEOREM 5.4. A regular semigroup S can admit a regular ideal arithmetic 
if and only if there exists a reduced semigroup S’ between S and its quotient-group G, 
S ¢ 8S’ C G, which admits a regular normal ideal arithmetic. 

Proor. Let = be any regular ideal arithmetic of S, and let S’ = 2/1 G. 
Then & is a regular ideal arithmetic of S’ preserving the division relation in 8’. 
For suppose that = cd’, with ab’ and in S’ and in Then 
£ = (bc)(ad) ‘isin both = and G, and hence in 8S’. By Theorem 5.3, S’ admits a 
regular normal ideal arithmetic. 
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PERIODIC TRANSFORMATIONS OF COMPLEXES’ 


By M. RIcHARDSON AND P. A. SmirH 
(Received June 1, 1937; Revised April 25, 1938) 


1. Introduction 


In this paper we shall consider certain simple topological properties of periodic 
homeomorphisms of a space S into itself. Two homeomorphisms 7 and 7° of 
§ into itself are said to belong to the same topological type if there is a third 
homeomorphism 7 such that Ty) = 777. For arbitrary 7’s, many character- 
istic properties of types can be described in terms of the structure of certain 
invariant sets, the recurrence properties under repeated iteration and so on, 
(see for example [1]); but the problem of complete classification of types even 
for the case where S is, say, a sphere is too general to be of great interest. If, 
however, one considers only homeomorphisms of finite period, various algebraic 
type invariants can be defined. For orientable surfaces, for example, such 
invariants are actually sufficient to enable one to determine whether or not 
two sense-preserving periodic transformations belong to the same type (Nielsen 
(6)). 

We shall here consider such invariants as can be readily defined in terms of 
homology theory. For the most part, we shall maintain a purely combinatorial 
point of view throughout and shall take S to be a finite simplicial complex and 
T to be a homeomorphism of S into itself which carries simplexes into simplexes, 
T being then necessarily of finite period. In the definition of “type,” 7 is also 
understood to be a simplicial homeomorphism. It will be seen that some of 
our considerations resemble those which have recently led Reidemeister and 
de Rham to the (strictly combinagorial) classification of lens- and cyclic-spaces. 
While our invariants do not have this sharpness, they do have the merit of 
being more topological in character; some of our theorems have meaning and 
hold true equally well for very general spaces. This implies in particular that 
when S$ is a complex, 7’ and 7 do not really need to be simplicial. Although 
the modifications necessary to place our results in a really topological setting 
will not be carried out here, it will readily be seen from our papers [7] and [8] 
what the required procedure would be. 

Our invariants are closely related, as we shall show, to the homology groups 
of the so-called modular space of S—the space obtained by identifying points 
Which are images of each other under powers of 7. In the particular case in 


‘Some of the results of this paper were presented to the American Mathematical Society 


om this title by one of the authors on Sept. 9, 1937. Cf. Bull. Amer. Math. Soc. 43 
p. 474, 
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which S is the totality of ordered sets of m points 21,--- , 2m of a given complex 
K and T is the transformation which carries each (a , 22, --+ , %m) into (x2, 2;,, 

- , 1), the corresponding modular space is called the m-fold cyclic product 
of K. We shall determine completely the modulo m homology groups of cyclic 
products of any K for prime m. 


2. Simplest invariants 


Let 7' be a homeomorphism of a space S into itself of period m. We shall 
make frequent use of the expressions 


o=o(T) 
6= 6(T) =1-T. 


They are to be thought of as operators on the homology classes of S relative 
to a given coefficient group g; in particular if S is a simplicial complex and if 
T merely permutes the simplexes of S, « and 6 may be thought of as operating 
equally well on the individual chains of S. The only coefficient groups g which 
we shall consider are a, the additive group of integers, and m, the integers reduced 
mod m. 

Suppose m is prime; then in the formal expansion of (1 — 7)” all the coeffi- 


cients except the two extreme ones are divisible by m. Hence (1 — 7)" = 
1 — T*(mod m) and (1 — = (1-— T)/(1 —T) 
(mod m). Hence if g = m, ma prime, we have 


(2.1) = Oand =a. 


Suppose now that S = K,, where K, is a space whose homology groups 
relative to g are defined in a topologically definite manner, and have finite bases 
for dimensions < n and vanish for dimensions > n. (K, could be a finite 
n-complex, for example.) We can define simple type invariants of T in terms 
of homologies on K. Let Ai(K; g) be the subgroup of the homology group 
H,(K; g) consisting of all the elements (homology classes) C such that 65°C = 0. 
The groups Aj are’ type invariants. For suppose that 7 is an arbitrary homeo- 
morphism of K into itself. Then writing 6 = 1 — 777’, C° = 7C, the relation 
5'C = 0 implies that 5;C° = 0 and vice versa. For suppose 5°C = 0. Then 


= (1 — rT 
= 7(1 — T)C 
= 75°C = 0. 


2 We shall often omit parts of a symbol (in particular, dimension indices) when no 
confusion can arise. 
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Thus the correspondence C — C° induces an isomorphism between the group A} 
defined relative to J and the corresponding group defined relative to rT'7'. 
Since °C = 0 when 56°C = 0, we have 


(2.2) A'cA’C..., 


Consider next the automorphisms induced by 7 and its powers in the group 
H,(K; 9). It is obvious that these automorphisms are also type invariants. 
Let Fi, --- , 1” be a minimal basis for H, and suppose that* 


(2.3) = 


Let u, = € — ga where g, = || gn; || and e is the identity matrix. If the given 
basis for H;, is replaced by a second basis, the matrix g = g, in (2.3) will be 
replaced by ege * where c is a matrix with elements in g and where det c = + 1 
when g = a, and det c is prime to m when g = m. The matrix u is similarly 
transformed and so are the powers of g and u. Thus all invariants of g*, u* 
under transformations by matrices c are type invariants of 7’. 

Such invariants are of course related to the groups Aj. Suppose for example 
that g = m, m a prime, or else that g = a and that there are no h-dimensional 
zero-divisors. Then, the rank of A} equals r(h) — q; where q; is the rank‘ 
of the matrix uj. For let C be an element of Aj, say C = 2z,I%. The condition 
5'C = 0 satisfied by C is equivalent to the conditions 


(2.4) Dd (e — 9)S3 ta = 0 
where || (e — 9)<¢ || = (e —g)' =u’. A maximal set of independent elements 


for Aj is furnished by the cycles z.I'“* corresponding to a maximal linearly 
independent set of solutions of (2.4), and the number of solutions in such a 
set is — 

Suppose now that g = m and m is a prime. We shall show how, with the 
aid of the groups A‘(= A}) a homology basis for H;, can be chosen such that 
the matrix g, assumes a fairly simple form. We observe first that H,(K; m) 
is now the direct sum of r(h) cyclic groups of order m, where r(h) is now the 
h-dimensional Betti number of K, mod m. _ 

From the relation 6” = 0 and the definition of A‘, it follows that A” = H. 
Ifa group A is a direct sum of cyclic groups of prime order m then every sub- 
group of A is itself such a direct sum and is moreover a direct summand of A. 
It therefore follows from (2.2) that for 0 < i S$ m — 1, A' is a direct summand 
of A, and we may write A‘? = BY 4+ A‘, B' . A‘ = 0. Since A° = 0, 
B= A’. Then 


: An index which, in a given term, occurs once as a superscript and once as 4 subscript, 
indicates summation over its allowable values. 

“When g = m, the rank of a group (matrix) means throughout the maximal number of 
elements (rows) linearly independent mod m. 
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and the ranks 7; of the groups B’ satisfy the relations 


T= — Vi, 


(2.5) tot tit + = 


If X is an element of B‘ then 6X For, = 0 since BY; 
hence 6'°6X = 0 so that 6X « A‘. Now 6X is not an element of A*™, for if it 
were, we would have ssX = 0, that is, 5°X = 0 which would inaply that 
X A‘ whereas A‘ B' = 0. Hence we conclude that 5X Let 

be independent bases for B‘ and B** respectively. 
Since = Y* — TY* we may write 


(2.6) TY* = as)*X* + Y*. 


It follows that if a basis is chosen for each B’, these bases taken together form a 
basis for H in terms of which the matrix g assumes the special form 


e 0 0 
a” € 0 
0 a” e 
a = . 
e 
a e 


where the block a\” has 7; rows and 7;- columns and the e’s are identity blocks of 
the appropriate sizes. The matrix a must of course be of order m, that is, 
a” =e. As a matter of fact it can be readily verified that every matrix of 
the same form as a and with coefficients in m, m a prime, is of order m. 

The matrix a is not uniquely determined by g since the elements in the 
blocks a“ depend on the choice of the bases for the B*. Suppose that a new 
choice of these bases yields a second matrix a), with blocks as”. It can be 
shown without difficulty that there exist matrices b®, c such that 


(2.7) ai = p a” (i 0, 2). 


Hence the algebraic problem of finding invariants of g under similarities is 
equivalent to finding invariante, under the operation (2.7), of a system of 
matrices a, --- a “ when a” is of 7; rows and 7;-1 columns. We shall, 
in this dunmection, do no more than make a remark concerning the numbers 4; 

We observe first that the rank of a“ equals the number of rows of a”, 
namely 7;. For if the rank were less, there would exist relations baas”* = 9 
with b’s not all zero. Then from (2.6), b.5Y* = 0 = 6b.Y* so that b.Y* € 
A'CA' and therefore b.Y* could not be in B* which is absurd. It follows from 
this, since a has 7;_; columns, that 7) > 7, = --- = tm-1. Hence from (2.5), 
we have 


(2.8) 2 + Gin =0,---,m— 1; = Im = 9) 


I 
0 


| 
: 
| t 
| 
| 


va 


PERIODIC TRANSFORMATIONS OF COMPLEXES 615 


We have then the algebraic theorem that if g is a square matrix with elements 
in m and such that g” = e, then the ranks q; of the matrices (e — g)' must satisfy 
the relations (2.8). 


3. The special homology groups 


We shall assume from now on that the complex K is simplicial and that the 
homeomorphism 7’ merely permutes the simplexes of K, i.e. that 7 also is 
simplicial. We shall assume in addition that the points of K which are in- 
variant under 7*(1 S$ h S m — 1) constitute a subcomplex L™ of K. In the 
sequel, L will be denoted simply by L. 

Let p(7’) be a polynomial in T' with coefficients in g. We shall say that a 
chain X is a p-chain if pX = 0, and that X is a (p, L)-chain if pX = 0 mod L. 

Suppose that H is an additive group of h-cycles relative or absolute, and that 
H' is a subgroup of H consisting of those cycles of H which bound in some special 
sense; then H — H’ can be considered as a “special’’ homology group. By the 
aid of p- and (p, L)-chains with various choices of g, one can define a variety 
of special homology groups’ which are type invariants of 7. For example, one 
may take for H the totality of p-cycles of dimension h and for H’ those which 
are boundaries of p-chains; or one may take for H the totality of h-dimensional 
(p, L)-cycles mod L, and for H’ those which are boundaries mod L of (p, L)- 
chains. The resulting difference groups, which we shall denote by Hf and H}” 
respectively, are, as here defined, only invariant in the combinatorial sense; 
that is they are invariant under transformations 7 which are simplicial (see 
introduction). It will be seen however from [7] and [8] how they can be given 
purely topological meaning. H’ and H’” are by no means the only invariant 
groups which we can define in terms of the p- and (p, L)-chains, but they will 
illustrate various properties which groups of this sort have in general. 

It will be convenient to assume from now on that all simplexes which are 
invariant under powers of 7’ are also invariant under 7. This of course holds 
automatically when m is prime. If m is composite, the assumption will be 
satisfied if T is replaced by 7” where k is a sufficiently large divisor of m(k < m). 
Consequently we may regard the assumption not as a restriction on 7 but 
rather as a restriction on p(T’), since it is equivalent to the assertion that we 
shall consider only polynomials of the form p(7") where k is a suitable divisor 
of m. 

We shall limit our attention to the groups corresponding to the polynomials 
o(T), 6(T), (6(T))*. We shall agree that the symbols p, p are to mean either 
¢ or 6; when p is taken to mean a(6), then f is to mean 4(c). When g = m 
and m is prime, we shall allow p to stand also for 6° and agree that A is then 
tomean 6”"*. We note that in any case, pp = pp = 0 (see (2.1)). 


* Cf. [8]. 
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As a consequence of our assumptions concerning 7’, the h-simplexes of K can 
be denoted without repetition by 


--- En; Ex’ (h = 0, ---,n) 


where 7 and j have finite ranges and where the E*’s are the simplexes of L. 
We shall employ a superscript * with the symbol X to signify that X is a chain 
in L, and a superscript 0 to signify that X ~ L = 0. Thus X° isa linear form 
in the T*E', X* a linear form in the E*’. When g = m, every X* is both a 
p- and a p-chain. 

3.1. A necessary and sufficient condition that X be a (p, L)-chain is that there 
exists a chain Y° such that X = pY° mod L. 

Proor. That the condition is sufficient follows from the relation pp = 0. 
We may write X = b,J°E' mod L (dropping the dimensional subscript). 
Suppose first that X is a (6, Z)-chain. Then 


8X = ba(T* — T° )E* = (bai — bars) = 0 mod L 


the subscript a being taken mod m. Hence bi; = bei = --- = bmi so that 
X = cY° mod L where Y° = by E’. Suppose next that X is a (¢, L)-chain. 
Then 


oX = >). biok* = 0 mod L. 
a=1 


Hence >”. ba: = 0 for all i. We wish to show the existence of a chain Y° = 
such that X = = = — This 
amounts to showing the existence of solutions for the systems of equations 


— Lmi = bi, y — = bus. 


But on account of the relation >>, bai = 0, a solution for the i system is given 
by = bis + + + ba: (@ = 1, ---, m). Suppose finally that g = m, 
m a prime, and that p = 6°. We establish the necessity of our condition by 
induction on 7; it has already been established for 7 = 1 since now gr" = ¢. 
Suppose 6°X = 0 mod L. This may be written 6° "6X = 0 mod L. By the 
hypothesis of the induction we may write 5X = 6” *"Y° mod L. Let D = 
X —6”"Y*. Then 6D = 0 mod L, hence D = cW = 6”'*W mod L. Hence 
X = 6" + mod L. 

3.2. If g = m, every (p, L)-chain is a p-chain. 

Proor. Let X = X° + X* be a (p, L)-chain. Then pX = p(X’ + X*) 
= pX° = 0 mod L, which implies pX° = 0. Now since TX* = X* we see 
that pX* = 0 (modulo m) so that pX = pX° = 0. 

3.3. If g = m, a necessary and sufficient condition that X be a p-chain is that 
X be expressible in the form pY° + Y*. 

Proor. If X is a p-chain then X is a (p, L)-chain and hence X = pY° mod L; 
hence X = pY° + Y*. Conversely, if X = pY° + Y*, then X is a (p, L)-chain, 
hence, by 3.2, a p-chain. 
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We now examine more closely the homologies defining the special homology 
groups. If C is a p-cycle and bounds a p-chain, we shall write C ~, 0; if C 
is a (p, L)-cyele mod L and bounds mod L a (9, L)-chain, we shall write C ~, 0 
mod L. These special homologies obey the usual formal laws. 

3.4. If g = mand if pC + C* is a cycle, then pC and C* are cycles. If in 
addition pC + C* ~; 0, then pC ~; 0 and C* ~ 0 on L, 80 that C* ~; 0. 

Proor. If the boundary of C contains a simplex E*, the simplex will occur 
in the boundary of pC with the coefficient 0 since pE* = 0. Consequently 
F(pC) contains no simplex of L and hence F(pC) = F(C*) = 0. Suppose that 
pC + C* ~; 0, say pC + C* = F(pD + D*). Then by the same argument we 
conclude that F(pD) ~ L = 0, hence pC = F(pD), C* = F(D*). 

3.5. If C ~ 0, then pC ~, 0. This holds equally weil if cycles and homologies 
are taken mod L. 

Proor (for the mod L case). Suppose that C is a cycle mod L and that 
C = F(D) (say) mod L. Then pC = F(pD) = jF(D) mod L and the desired 
homology follows from the fact that pF(D) is a (p, L)-chain. 

3.6. If pX is a cycle mod L then F(X) is a (jp, L)-cycle; and if pX ~, 0 mod L, 
then F(X) ~;0 mod L. If g = m, the same statement holds with L and mod L 
omitted. 

Proor. Since F(~X) = pF(X) = 0 mod J, it follows that F(X) is a (A, 
L)-cycle. The relation pX ~, 0 mod L implies the existence of a chain Y 
such that = pX mod L. Let Z = X — F(Y). Then jZ = pX — F(pY) 
= 0 mod L so that Z is a (f, L)-chain. Since F(Z) = F(X) mod L, we have 
F(X) ~; 0 mod L. If g = m the same argument holds if L and mod L are 
everywhere omitted. 

Let g = m and let C be a p-cycle. We shall denote by (C), the totality of 
p-cycles which are ~, C. The classes (C), are precisely the elements of H’. 
If we consider only classes (C), where the p-cycle C is homologous to zero in 
the ordinary sense, we obtain a subgroup of H’ which we shall denote by B’. 
By means of the preceding theorem, there can be defined a homomorphic 
mapping » of Hi into Bk... Let C, and C; be p-cycles such that C, ~, Ci. 
We may write C = pX° + X*, C’ = pX” + X*. Then if C and C’ belong 
to the same p-homology class of H’, it follows from 3.4 and 3.6 that F(X°) 
and F(X”) belong to the same j-homology class of B}_,. Thus there exists 
a single-valued correspondence yu of the form 


+ Xi)» (F(Xi))s 


of elements of Hf into certain elements of Bi. It is clear moreover that u 
is additive and is therefore a homomorphism of Hf into a subgroup of Bhs. 
For arbitrary g, we define B’” as the group of (p, L)-homology classes of the 
form (C),, where C is a (p, L)-cycle homologous to 0 mod L. It is easy to 
see that, in a similar way, there exists a homomorphism yz of Hf” into Bh. 
_ In order to determine the precise nature of the homomorphisms y, yi, we 
introduce the subgroups K’, K*” of H’, H?”, defined as follows: K’ consists of 
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those elements of H’ which are of the form (6C + C*), where C and C* are cycles; 
K*” consists of those elements of H’” which are of the form (AC),. where C 
is a cycle mod L. 

3.7. THeorem. — Ki” = If g = m, then Hi — Ki = 

Proor. We need consider only tes case g = m since the proof for arbitrary 
g, mod L, is quite similar. We show first that the group into which » maps 
Hi, is exactly Bk_,. Let (C); be an element of Bh_,. We need to show that 
there exists an element of Hj which is carried by u into (C);. We may assume 
that there exists a chain Y; such that F(Y,;) = C. Then F(sY) = pC = 0 
so that pY is a p-cycle. Obviously the image under yu of (AY), is precisely (C);. 
It remains to ghow that Kj is the kernel of the mapping ». If D, and Dj are 
cycles, then yp carries (6D, + Dx), into 0. Hence the kernel of u contains K?. 
An arbitrary element of the kernel is representable in the form (fA + A*), 
where F(A) ~ 0. This last relation implies the existence of a chain Z; + Z; 
such that F(pZ, + = F(A). Hencel, = A — — Zp is acycle and more- 
over pl’, = pA, so that (6A + A*), is an element of Ki. This concludes the 
proof for the case g = m; for arbitrary g, obvious modifications yield the mod L 
result. 

The groups B’”, B’ consist of classes of cycles which are homologous to zero 
in the ordinary sense. We shall examine their remainder classes. For this 
purpose, consider the subgroup G” of the (ordinary) homology group H(K) 
of same dimension defined as the totality of classes (C) such that C is a cycle 
satisfying the relation pC ~;0. For arbitrary g, let G’” be similarly defined. 

3.8. THEorEM. For each dimension, H’” — When g = m, 

-B=@. 

Proor (for g = m). The correspondence (X), — (X), where X is a p-cycle, 
is a homomorphic mapping of H’ into a subgroup of H(K) and its kernel is B’. 
We shall show that the subgroup into which H’ is mapped is exactly G’. Let 
(C), be an arbitrary element of H’,C being a p-cycle. Since pC = 0~,;0, it 
follows that (C) is an element of G’. Conversely, let (D) be an arbitrary ele- 
ment of G’, D being a cycle such that pD ~; 0. We assert that the class (D) 
contains a p-cycle. For there exists a chain Y° such’ that F(pY°) = pD. Then 
if we put A = D — F(Y°), the facts that A is a cycle and is ~D, and that pA 

= 0, prove that A is the desired p-cycle. Since (A) = (D), the mapping in 
question carries (A), into (D). This completes the proof for g = m; obvious 
modifications yield a proof for arbitrary g, mod L. 
3.9. The group B’” is finite and the order of each element is a divisor of m. 
Proor. We need only show that each element x of B’” satisfies the equation 
= 0. Let (C),x be an element of B’”, C being a (p, L)-cycle mod L. We 
may assume the existence of a chain Y such that F(Y) = C mod L. We assert 


° Hereafter, (X) shall denote the homology class of the cycle X. 
7 Since pD A L = 0 and FpY* A L = 0, we see that F(pY°® + Y*) = pD ~; 0 implies 
FY* = 0; hence FpY® = pD ~ 0. 
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that (1 — T)C ~,9 mod L. Suppose first that p = o. Then (1 — T)F(Y) 
= (1 — T)C mod L and our assertion follows from the fact that (1 — T)Y 
isa (c, L)-chain. If p = 6, our assertion follows from the relation (1 — T)C 
=(~;0 mod L. We conclude that in either case 


C~ TC T’C = mod L. 
Thus if C is a (¢, L)-cycle mod L, we have 
= (14+ )C ~, mC mod L. 


Suppose that p = 6. Then since C is a é-cycle mod L, we may write C = oX 
mod L. Since F(¢Y) = oC = ocX = mC mod L, we have mC ~; 0 mod L. 

Let us assume that g is the group of integers and that K possesses no coeffi- 
cients of torsion mod L of dimensions h, h + 1, --- , n. Then from 3.9, it 
follows readily that B?” (h < j S n) is identical with the subgroup of H}” 
consisting of all elements of finite order and is therefore a direct summand of 
H?". The relation 3.8 may now be written 


H” = B” + 
Suppose m is prime. Then if 7(H) denotes the smallest number of elements 


which can constitute a basis for H, it is readily seen from the fact that B?” 
is now the direct sum of cyclic groups of order m, that* 


(3.10) 7(H’”) = rank B’” + rank G’” 
and G’” contains no elements of finite order. Moreover, we have, from (3.7), 
(3.11) rank < 7(H?4). 


Let A’” be the group of (ordinary) homology classes mod L of the form (C) 
where C is a cycle mod L such that pC ~ 0 mod L. Let ¢ be the rank of the 
matrix e — g when p = 6, ande+g+g + +g” when p = a (see §2; 
the homology relations are now to be taken mod L). Then as in §2, rank A*” 
= RK; L) — ¢&. But obviously G?” is a subgroup of A‘” and hence 


(3.12) rank Gi” < L) — qj. 
As a result of (3.10), (3.11), (3.12) we have 
+ R(K; L) — 
which yields, on giving j the values h, h + 1, , m: 
(8.13) RACK; L) + --- + RAK; L) dha 


* By “rank B?”’”’ is meant the number of cyclic summands in the cited decomposition 
of BL. Rank GL has the usual meaning (cf. footnote 4). We remark that r(H) is the . 
number of summands in the canonical decomposition of H into a direct sum of free cyclic 
groups and finite cyclic groups such that the order of each divides the order of the next. 
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where v = por p. Had we taken g = mand ma prime, then 7(H’) = rank H’ 
and it can be immediately verified that the inequality just obtained still holds 
provided that the L is everywhere omitted. It is in this form that the inequal- 
ity has been used elsewhere’ by one of the present authors to obtain a generali- 
zation of Harnack’s theorem concerning the maximum number of real branches 
which a real algebraic curve may have. 


4. The modular space 


Let k be the totality of non-ordered sets {x, Tz, --- , T” ‘x} (xin K). If 
there is introduced into k a topology derived in a natural way from that of 
K (see [7]), the resulting space, frequently called the modular space of K, 7, 
is obviously a type invariant of T. We shall point out certain ways in which 
the homology groups of k are related to the special homology groups of K.” 
These relations reveal themselves most simply when g = m and it is this case 
alone that we shall consider. 

The correspondence A defined by 


Az = {x, Tz, ---,T” 2} (x in K) 


is obviously” a single-valued and continuous mapping of K into k. As a 
matter of fact, since 7 carries simplexes into simplexes, it is easy to see that 
k itself is a complex and that A carries simplexes of K into simplexes of k. In 
particular A transforms ZL homeomorphically into a subcomplex, of k which we 
shall denote by l. By imposing the condition of additivity, A can be thought 
of as operating on the chains of K carrying them into chains of like dimension 
in k. On account of its continuity, A preserves boundary relations, hence car- 
ries cycles into cycles and preserves relations of homology. We note in addition 
that Ap, thought of as an operator on chains of K, is an annihilator; for since 
AE = ATE for every simplex E of K, it follows that 


ASE = 0, 
(4.1) ASE = 0, 
AcE = mAE = 0 (mod m). 


If e, is a simplex of k, there exists a simplex EZ, of K such that AE, = AT’E, 
= e,. We shall denote the chain oH, by A’e,. By imposing the condition of 
additivity, the domain of operation of A’ is extended to the totality of chains 
of k. It is easy to see that if c is an arbitrary chain of k, there exists a chain 
C in K such that A’e = oC, AC = c. Hence A’c is a 6-chain. Moreover, A’ 
preserves boundary relations, hence cycles and homologies; in fact if c is a cycle 
in k and if c ~ 0 in k, then it is easy to see from the preceding remarks that 
A’c ~3 0 in K. 


° Cf. a forthcoming article by P. A. Smith in the Bulletin of the Amer. Math. Soc. 

10 The Betti numbers of k over the integers and mod x“, where x is a prime not dividing 
m, are related in a simple way to the matrices g of section 2. Cf. [4]. 

11 For full details on the assertions in this paragraph, cf. [7] and [4]. 
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4.2. If pC ~, 0, then AC ts a cycle mod l and AC ~ 0 mod lin k; if, in addition, 
AC is a cycle, then AC ~ a cycle of l, but, if AC is not a cycle, then FAC ~ 0 on Ll. 

Proor. By hypothesis, there exists a chain Y such that F(aY) = pC. Let 
X =F(Y) —C. Then pX = Oand hence we may write X = pZ° + Z*. Since 
F(Y) =C + pZ° + Z*, we have F(AY) = AC + AZ* ~ 0 in k, which proves 
the theorem. 

Let Hi’ be the subgroup of Hj consisting of all the p—homology classes 
which contain cycles in L. It follows immediately from 3.4 that Hy’ is iso- 
morphic with H,(L) (the h-dimensional homology group of L), hence also with H;(1), 
since 1 and L are homeomorphic. We assert in addition that 

4.3. Hi — Hx is isomorphic with H,(k; 1), the homology group of k mod 1. 

Proor. Let (eX + X*)s be an arbitrary element of H’. Then by (4.1), 
AX is a cycle mod 1 in k. Let (AX), be the class of cycles mod | which are 
~AXmodlink. Then by 4.2, the correspondence (¢X + X*); — (AX), is a ho- 
momorphic mapping of H’ into a subgroup of H(k;1). Let (c). be the totality 
of cycles mod 1 in k which are ~c mod I, (c itself being such a cycle). Then (c), 
may be considered as an arbitrary element of H(k;1). From the remarks above, 
we may write A’c = oC, AC = c. The mapping in question carries (A’c); = 
(cC)s into (AC). = (c)o so that the image of H’ is exactly H(k; 1). Now clearly 
H* is contained in the kernel of the mapping. If (oX + X*), is an arbitrary 
element of the kernel, which implies that AX ~ 0 mod I, then A’AX = oX ~, 0. 
Therefore (cX + X*)s is the same as (X*); and is therefore an element in H*’. 
Hence the kernel is precisely H*’. 

It will now be convenient to introduce a correspondence yu* which resembles 
the mapping uw considered in §3. Let (6X, + Xn), be an arbitrary element 
of Hi. The image under yw of this element is the element (FX;,),;. Since 
PX, is a p-cycle, we may write FX, = pXt-1 + Xiu. Now if FX; is replaced 
by any other representative of (FX,);, say + so that (pXt1 + 
Xtals = (oZh-1 + then from 3.4, Xt1 ~ Zeain L. It follows there- 
fore that the correspondence u* given by 


+ 


where (AX;1)* means the class of cycles in J homologous in J to AXn1, deter- 
mines a homomorphic mapping of Hf into a subgroup of Hy-:(I). Since A 
defines a homeomorphism between L and 1, it maps H,(L) isomorphically on 
Hi(l). Let 6,(1) be the subgroup of H,(J) consisting of those homology classes 
whose cycles are ~ 0 in k. 

44. The image under u* of Hi is 

Proor. Let (oX, + X? )s be an arbitrary element of H Then the element 
which corresponds to it under u* is where FX, = + 
Now AFX, = FAX, = AX#, since Ad = 0 - therefore AX;_1 ~ 0 in k, and there- 
fore is an element of @,(J). Conversely, suppose that (ACj_1)* is an element 
i (1). This implies that ACi#1 ~ 0 in k so that there exists a chain d, 
nk, bounded by AC#1. Then A’d, (= D,, say) is bounded by NACL = 


| 
| 

is 
]- 
i- 

| 
of 
T, 
ch 
10 
se 
K) 
rat 
In 
we 
ght 
ion 
nce 
"En 
hain 
sycle 
that 


622 M. RICHARDSON AND P. A. SMITH 


mCx1 = 0 (mod m). That is D, is a 6-cycle. We shall show that under a, 
the image of (Dy)s is (ACz-1)*. We may write D, = oA,, where AA, = d,. 
Since cA, is a cycle, we have oF A, = 0 and therefore FA, = 6Y° + Y* say. 
Therefore Fd, = FAA, = AY* so that AY* ~ 0 in k. Consequently (AY},), 
is an element of 0;-;(l) and this element is the image of (D,)s under u*. But 
since Fd, = ACx1, we have = ACy-1, hence (AYx1)* = and 
the proof is complete. 

The kernel 4% of the mapping y* is the subgroup of Hi, composed of all 6- 
homology classes of the form (¢X° + X*)s; such that the part of FX° which 
is in L is a cycle homologous to zero in L. Thus, 


The groups ®, furnish a link between the special homology groups of K and 
the ordinary homology groups of k, at least when g = m. This can be stated 
in a precise manner when m is prime, for then we can appeal to the following 
duality formula of Lefschetz:” 


(4.6) r Hy(k) = Ha(k; 1) + — — 


Here r stands for “the rank of”. Recalling that for prime m and g = m every 
subgroup of a homology group (ordinary or special) is a direct summand, it 
follows from (4.5) that = — Moreover, from 4.3, rH;,(k; 1) 
= rH} — rHy° = rH} — rH,(l). Combining these relations with (4.6), we have 

4.7. THEoREM. For prime m and g = m, the Bettt numbers of the modular 
complex k are given by 


Rak) =re,+re—rH. 


5. Cyclic Products 


When m is composite, the determination of the homology characters of the 
modular space k seems to be a less simple matter than for prime m; for in order 
to obtain relations such as 4.7 it would first be necessary to find what form the 
duality relation (4.6) will take when m is composite—a problem somewhat 
complicated by the presence of “divisors of zero.”’ In certain interesting cases 
however the characters of k can be obtained without appealing explicitly to 
any duality formula. Such is the case for example when k is a cyclic product of 
prime order (see introduction) and in the generalization of section 6. We shall 
study the topology of cyclic products in some detail, partly because we can 
in this way exhibit concrete examples of the various special groups, and partly 
because the results obtained appear to have interesting connections with certain 
problems in dynamics and the calculus of variations. 

We continue to take g = m. Let K, be a complex having no coefficients of 
torsion, i.e. a complex whose homology groups are direct sums of cyclic groups 


12 Cf. [2] p. 150. 
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of order m; every K, has this property when m is prime. Let Pn» be the m-fold 
product 


Kn X Kn X X Ky 


where the m factors are distinct copies of K,. Let 7 be the homeomorphism 
which carries an arbitrary point a X b X --- X cof PintobX--.XceXa 
(factors permuted cyclically). T is of period m and the modular space pn of 
P nn relative to T ts called the m-fold cyclic product of K. We shall determine the 
special homology groups of P and the ordinary homology groups of p. 

From the elementary properties of the products of complexes it is easy to 
deduce the following facts.’ (1) There exists a simplicial subdivision of | 
to be denoted also by P, such that the conditions in §3 are satisfied when m 
is prime; in particular the invariant points of 7 constitute a subcomplex L of 
P, and L is homeomorphic to K. (2) If Ci (j = 1, --- Ra(K)) are the cycles 
of a minimal homology basis for H,(K), then a minimal basis for H,(P) is 
given by the cycles 


(5.1) Ci x x Cle 


where >, hi = h, the factors being cycles in the respective copies of K. (3) 
Every cycle of the form 


= Cg XC, 
is transformed by 7’ into itself or into its negative according to the rule“ 


The cycles (5.1) which are not of this type fall when m is prime into sets such 
that each set contains m distinct cycles of equal dimension which are permuted 
cyclically among themselves by 7. Thus for each dimension h, there exists a 
minimal base for H,(P) of the form 


Tri, as (i = 0, ---,m—1) 


where the ranges for j, are say j = 1, ---, R, andl = 1, --- , Ry so that R,(P) 
(the Betti number of P) equals mR} + Ri. The numbers R; and Rf can of 
course be computed easily in terms of the Betti numbers of K. In particular 
Rna = R,(K) whereas R} = 0 if his not a multiple of m. 

In what follows, we shall assume that m is prime. Since g(mq — 1) is then 
even, it follows from (5.2) that each cycle An, is transformed into itself. Thus 
each A,,, is a 6-cycle and, since g = m, it is a o-cycle as well. When m is prime, 
each Ang is equally well a 6‘-cycle. To indicate the fact that Am, is to be re- 
garded as a p-cycle” in a given discussion, we affix a left superscript p: ’Amg . 


"Cf, [4] pp. 54-56. 
Cf, [4] p. 61. 
* Hereafter, let p = o, 5 only. 
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5.3. Let C, be a p-cycle. Then C;, ~ a linear combination of the cycles pT'Ti 
Ai. 

Proor. There is no essential restriction if we assume that there exists at 
most one I’, and at most one A,. Then we may write C, ~ 2,T'T, + yA,. 
Since pA = pC = 0, we have zpT'T, ~ 0. According as p = 6 or p = a, the 
last relation may be written 


m—1 m—1 
D (a; — ~ O where = OF (= x) ol, ~ 0. 


i=0 i=0 


Since the cycles 7"T;, are part of a minimal basis, we conclyde that x, = x, = 
- = 2m = x (say) or that >> x; = 0 as the case may be. In the first case 
therefore we have C;, ~ zoI, + yA, and in the second we may write C, ~ 


m—1 


+ yds where y; = % + 21+ --- + 2;, proving the theorem. 


Let h = mq and consider the cycle 
"A, = C, X x Cy. 


We may write °A, = °A; + pX, where by 3.4, both terms in the sum are cycles. 
From the relation 0 = FpX, = pFXz, it follows that FX; is a p-cycle; call it 
’Ann1- The second subscript indicates the dimension, while the index p will 
be understood to refer to the character of the original A, rather than Aj,:. 
We now write = + and denote the p-cycle by 
’An.n-2- We continue in this manner down to the dimension 0. We assert that 


For, 7 induces a homeomorphism of the complex Am, (closure of Am,) into itself 
which is identical with the transformation which would be obtained if C, were 
the basic complex instead of K, and Am, played the part of Pm». Hence the 
points of A, which are invariant under T form a subcomplex of q¢ dimensions 
and the truth of (5.4) is then obvious from the fact that the successive cycles 
Ama, Amq,mq-1, are all contained in To summarize: each gives 
rise’ to a sequence 


where, for mq 2k2q+1 
Xing.k = p-cycle when mq-k is even, 
(5.5) Xian = a poycle when mg-k is odd, 


p yt a, 
= 


16 Cf. the homomorphism u of section 3. 
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5.6. THEOREM I,. The following p-cycles constitute a basis for h-dimensional 
p-cycles relative to p-homologies: 


(5.7) (j= 1,--- , Rh) 
(5.8) “Ameh (b=1,---, RA) 
(5.9) (c= 1, ---, Ras) 


where 1 = 0 when p = dandi = 0, --- ,m — 2 when p = o; 8 takes on all integer 
values such that ms = h = 8, ms — h even (odd) when p = 2 (6); similarly mt = 
h >t, mt — h odd (even) if p = o(8). II,. The cycles “Anz, are linearly inde- 
pendent with respect to ordinary homologies in L, and constitute a basis for H,(L); 
the same is true of the cycles ° Po» PD 

Proor (by induction on h). Suppose h = mn. Since L is of dimension n, 
IIn is trivial; and since the relations ~, =, ~, are now equivalent as far as 
p-cycles are concerned, we conclude from 5.3, that a given p-cycle Cm is p- 
homologous to a linear combination of the cycles ’A%,, and the cycles p7"Ti.n 


(i = 0,--- ,m —1). Consider a sum S$ = xispT'T”. If p = o, then S = 
bi 2;0T’ which can be written in the form g.;07°T’. If p = 6, S equals a 
linear combination of the cycles 67°F’, , 67” since 


+ OTT’ + + 67" = bol’ = 0. 


In either case, therefore, we may assume that the index 7 in S equals 0 when 
p = 6 and that 7 = 0, --- , m — 2 when p = oc. This concludes the proof 

Suppose now that J; and JJ; are true for h < i < mn. Let C; be a p-cycle. 
Then by 5.3, there exists a relation of the form 


(5.10) = Cy + + ya’ ~ 0, 


and we may assume, as we have just shown, that 7 ranges over the values 
stated in the theorem. Since FpY = pFY = 0, pY is a p-cycle and by the 
hypothesis of the induction we may write 


(5.11) + Thar + vt + Wi ~ 0, 


wheres >h+1,t =>h + 1 and ms — (h + 1) is even and mt — (h + 1) odd 
if} = o, vice versa if 6 = 6. The cycles in the first two terms contain no cells 
of L, and in the last two terms, the only cycles which can contain cells of L 
are those with s = h+1,t=h+ 1. Since ms — (h + 1) and mt — (h +1) 
are of opposite parity, cule one of the last two equalities can hold. Suppose 
it is the former; that i is, suppose that s may assume the value h + 1 whereas 
t>h+1. Then (5.11) can be written in the form 


+ 0 (s = h + 1 not summed). 
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By 3.4, the second term is ~0 in L and hence by JJ;41 we conclude that the 
coefficients v;** are all 0. It follows that no cycle in (5.11) can contain cells 
of L and atatannii (5.11) may be written in the form 


AY + 27° + + We ~; 0. 


On application of 3.6, we obtain F(Y + --- )~, 0 and on replacing FY by 
the right side of (5.10), and the FX’s by the cycles given in (5.5), we obtain a 
relation which establishes J; . 

It remains to prove IJ,. Let Di be a cycle in L. We may regard D} asa 
o-cycle and hence by J;,, D* ~-. a linear combination of the o-cycles (5.7), 
(5.8), (5.9). Of these cycles, the only ones which contain cells of L are the 
“A‘inn- (Note that since m is assumed odd, mh — h is even and hence °Ai,, 
can not be a o-cycle.) Thus we may write 


D* ~, + 
Hence by 3.4, 
D* ~ "Ania in L. 


Since D* was arbitrary in L, it follows that the homology” group generated by 
the cycles A>}, is precisely H,(L). The number of these A*’s is Ra, = Ri(K) 
= R,(L) so that the basis which they constitute is minimal and they are there- 
fore independent relative to homologies in L. Had we regarded D* as a 6-cycle 
we would have obtained the same result for the cycles *A}j,a . 

5.12. The p-cycles of theorem 5.6 are independent with respect to p-homologies. 

Proor. This is readily verified for the dimension mn. Assume that the 
theorem is true for the dimensions mn, ---,h-+ 1. Let us suppose for definite- 
ness that p = o. Suppose there exists a o-homology of the form 


(5.13) F(6Z° + Z*) = + ug Ak + Us + 06 ~o 0 


where i = 0, --- , m — 2, and where ms — h is even, mt — h odd so that all 
the A’s are o-cycles. The cycles “Af(= “Aj,,) exist only when h is a multiple 
of m, and since these cycles appear in a term by themselves, we may assume 
that ms does not assume the value h. Of course mt * h because *Aj,, could 
only represent a 6-cycle. It follows that the cycles in the last two terms are 
all boundaries of chains °X ms,r41, Xm mt,nii (see (5.5)) hence are ~ 0. Now it 
is easy to verify that the cycles sf’, .-. , 8T” I’ are independent with respect 
to ordinary homologies and of course Gey are also independent of the Ay’. 
It follows that the coefficients x;; and ue in (5.13) must all be 0. Thus (5.13) 
becomes 
F(8Z? + Z*) = up “Adan + 


= F(us + 


= FY, say. 


17 Relative to L. 
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Since Y — 6Z° — Z* is a cycle, we may write 

Y — — Z* ~ aij + Be dius 
and, on applying « to both sides, we obtain by 3.5, 
(5.14) oY ~ aij 


The index i here ranges from 0 to m — 1. But since 7s = a, the right side 
of (5.14) may be written in the form a;oI'},: ; that is, we may assume that the 
index i assumes only the value 0. Now 


8 b t 
oY = Us + 


all cycles here being 6-cycles. Consequently (5.14) is a 6-homology among the 
é-cycles of dimension h + 1 which are supposed, by the hypothesis of the 
induction, to be independent. Hence the u’s and v’s are 0, and this proves 
the theorem for the dimension h with p = «. The modifications necessary for 
p = 6 are obvious. 


5.15. FA? = A ~ Oin D. 


Proor. = = + (Where = p orp) and the 
desired relations follow from the fact that AX = 0 when g = m. 

5.16. Corollary. Every cycle in 1 bounds in p. For since the cycles “Ani. 
generate the group H,(L) (Cf. 5.6, IJ,), the cycles A’ Ani, generate H,(I). 

5.17. Forh + 2, ts a cycle in p (to be denoted by °Em:,n). 

Proor. FAX men = AFXmin = Since h — 1 > t, we have 
= 0. Hence Amt,r—-a = pX so that = 0. 

5.18. THEoREM. Every cycle of dimension h in p is homologous to a linear 
combination of the cycles AV} where s + 2 h, ms — h odd; t + 2 
< h, mt — h even. 

Proor. Let y, be acyclein p. Then A’y, is a 6-cycle in P and we may write 
A’y, = oC, , ACh = yn. We have by theorem 5.6, 


(5.19) oC, ™s + uw + 


where ms — h is odd, mt — h even, all cycles now being 6-cycles. Since m is 
odd, mh — h is even and therefore s ~ h, and hence the A* of every “Abs; 
which can appear in (5.19) must be 0. Moreover, no axe, can appear with 
non-zero coefficient; for otherwise (5.19) would imply that some linear combi- 
nation of the cycles °A*;., is ~ 0 on L, by 3.4, contradicting theorem 5.6, IJ, . 
Hence every vs = 0. Since mh — (h — 1) is odd (m being odd) it follows that 
'*h— 1. Hence we may assume that ¢ only ranges over values Sh — 2. 
Suppose now that some coefficient u* is ~0. Then (5.19) can be written 


0 + + = oY 
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By 3.4, the second term is ~0 in L and hence by IJh4: we conclude that the 
coefficients v;*" are all 0. It follows that no cycle in (5.11) can contain cells 
of L and consequently (5.11) may be written in the form 


On application of 3.6, we obtain F(Y + --- )~, 0 and on replacing FY by 
the right side of (5.10), and the FX’s by the cycles given in (5.5), we obtain a 
relation which establishes J;, . 

It remains to prove IJ,. Let Dy be a cycle in L. We may regard Dj asa 
o-cycle and hence by J;,, D* ~, a linear combination of the o-cycles (5.7), 
(5.8), (5.9). Of these cycles, the only ones which contain cells of L are the 
“Aina (Note that since m is assumed odd, mh — h is even and hence ‘A‘,,, 
can not be a o-cycle.) Thus we may write 


Hence by 3.4, 
D* ~ u; "Ania in L. 


Since D* was arbitrary in L, it follows that the homology” group generated by 
the cycles “A*}., is precisely H,(L). The number of these A*’s is R4, = R,(K) 
= R,(L) so that the basis which they constitute is minimal and they are there- 
fore independent relative to homologies in L. Had we Tegarded D* as a 6-cycle 
we would have obtained the same result for the cycles *Ani., 

5.12. The p-cycles of theorem 5.6 are independent with reapect to p-homologies. 

Proor. This is readily verified for the dimension mn. Assume that the 
theorem is true for the dimensions mn, --- ,h-+ 1. Let us suppose for definite- 
ness that p = o. Suppose there exists a c-homology of the form 


(5.18)  F(6Z° + Z*) = + ua Ak + Us Aron + 02 0 


where i = 0, --- , m — 2, and where ms — h is even, mt — h odd so that all 
the A’s are o-cycles. The cycles “Af(= ’Ax,,) exist only when h is a multiple 
of m, and since these cycles appear in a term by themselves, we may assume 
that ms does not assume the value h. Of course mt # h because °A,,, could 
only represent a 6-cycle. It follows that the cycles in the last two terms are 
all boundaries of chains “Xmeaz1, ’Xmensi (See (5.5)) hence are ~ 0. Now it 
is easy to verify that the cycles 6I’, .-. , 8T” I’ are independent with respect 
to ordinary homologies and of course rae are also independent of the Ai’s. 
It follows that the coefficients 2;; and ue in (5.13) must all be 0. Thus (5.13) 
becomes 
+ z*) = Ub 06 


=F (ug °X. + 
= FY, say. 


17 Relative to L. 
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Since Y — 6Z° — Z* is a cycle, we may write 

Y — 62 — Z* ~ aij T Tiss + 
and, on applying « to both sides, we obtain by 3.5, 
(5.14) oY a4; 


The index i here ranges from 0 to m — 1. But since To = o, the right side 
of (5.14) may be written in the form ajoTj4: ; that is, we may assume that the 
index 7 assumes only the value 0. Now 


b t 
oY = Us + ve 


all cycles here being 6-cycles. Consequently (5.14) is a é-homology among the 
i-cycles of dimension h + 1 which are supposed, by the hypothesis of the 
induction, to be independent. Hence the u’s and v’s are 0, and this proves 
the theorem for the dimension h with p = o. The modifications necessary for 
p = 6 are obvious. 


5.15. FA A ~0 in 


Proor. = = + (where = por and the 
desired relations follow from the fact that AX = 0 when g = m. 

5.16. Corollary. Every cycle in l bounds in p. For since the cycles “A?}., 
generate the group H,(L) (Cf. 5.6, IJ,), the cycles generate H,(I). 

5.17. Forh = t + 2, A°X mtn is a cycle in p (to be denoted by 

Proor. FAXmen = AFXmin = AAmtn. Since h — 1 > t, we have 
= Hence Amt,r—1 => PX mi,h—1 18) that = 0. 

5.18. THEOREM. Every cycle of dimension h in p is homologous to a linear 
combination of the cycles “f..n, °E£st,n, AV} where s + 2 S h, ms — h odd;t + 2 
S h, mt — h even. 

Proor. Let y, be acyclein p. Then A’y, is a 6-cycle in P and we may write 
= oC, , ACh = yx. We have by theorem 5.6, 


(5.19) oC, + ub + 


where ms — h is odd, mt — h even, all cycles now being 6-cycles. Since m is 
odd, mh — h is even and therefore s ~ h, and hence the A* of every “Ahe,, 
which can appear in (5.19) must be 0. Moreover, no Pare. can appear with 
non-zero coefficient; for otherwise (5.19) would imply that some linear combi- 
nation of the cycles *A;., is ~ 0 on L, by 3.4, contradicting theorem 5.6, IT), . 
Hence every v2 = 0. Since mh — (h — 1) is odd (m being odd) it follows that 
'*h— 1. Hence we may assume that ¢ only ranges over values Sh — 2. 
Suppose now that some coefficient us is 0. Then (5.19) can be written 


0 o(C, + a0 + uy + ---) oY 
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say, where the dots denote a sum of X’s whose boundary A’s do not contain cells 
of L. These boundary A’s are therefore carried into 0 by A and consequently 


(5.20) FAY = AFY = = Ub A a. 


Now by 4.2, AY is a cycle mod / in p and AY ~ 0 mod 1 in p, say AY = Fa 
mod l, or Fd = AY —c (dC p,eCl). Then FAY = Fe so that FAY ~0 
inl. Thus the last term in (5.20) is ~0 in J and hence uj *“ARi-1,01 ~ 0 in L 
which by theorem 5.6, JJ; is impossible. We conclude therefore that uj can 
only be different from 0 when s < h — 2 and therefore (5.19) may be written 
in the form 


say, wheres +25 h,t+2 Sh. By 4.2, we have AZ ~ 0 mod 1 in p; that is, 
(5.21) + AT, + U5 Emon + ~ O mod 


The expression on the left is however an absolute cycle, and hence it is ~ to 
a cycle on l. But every cycle on 1 is ~0 in p (Corollary 5.16). Hence the 
“mod I’ may be omitted in (5.21), and the proof is now complete. 

5.22. THroreM. The cycles in theorem 5.18 are independent with respect to 
homologies in p. 

Proor. Consider a homology of the form 


= UAT) + 0% + We ~ 0. 
Then from §4, we have A’n ~; 0 in P; ice. 
+ Ansa + We 0. 


From theorem J;, (5.6) with p = 6, such a relation can only hold if all coeffi- 
cients vanish. 

Theorems 5.6, 5.12, 5.18, and 5.22 describe completely the structure of the 
groups Hi(P), Hi(P) and H,(p). They are direct sums of cyclic groups of 
order m and their ranks can be obtained explicitly in terms of the Betti numbers 
of K. Consider for example the groups H,(p). The Betti number R,(p) equals 
the number of cycles in the basis described by theorem 5.18. To determine 
this number, we observe first that since ms — h is odd, s can not assume the 
value h — 2 (m being odd). Therefore, since s < h — 2 and ms 2 h, the 
values which s may assume are 


h—3,h — 5, 


where so is the smallest integer which is =h/m and of opposite parity from h. 
Similarly the values which ¢t may assume are 


h—2,h-—4,---,t 
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where f is the smallest integer which is =h/m and of same parity ash. Conse- 
quently, s and ¢t together may assume the values 


h — 2,h — 3, --- , (h/m) 


where (h/m) is the smallest integer 2h/m. Now for each value of s, the 
number of “éms,x’s equals the number of “Ams,,’s, namely Ra, = R.(K). Similarly 
the number of “Em:ea’s equals Ra, = R.(K). Consequently the total number 
of ¢’s is 


(5.23) Ri = + Ris(K) + --- + 
The number of AT}’s is Ri and it is easy to see that 


= [Ri(P) — Riym(K)] when h = 0 mod m 
(5.24) Ri 


m 


where R,(P) = p R,,(K)Ri,(K) --- Ri,,(K). 


R,(P) when h 4 0 mod m 


We have, then, the result: 

5.25. THEOREM. When g = mand mis prime, the h-dimensional Betti number 
of the cyclic product pmn is Ri + Ry where Ri is given by (5.23) and Ri by (5.24). 

It is of interest to remark that the Betti numbers of p modulo / are also expres- 
sible in terms of the (absolute) Betti numbers of K. Let fs, = A?’Xtaa- 
As we have seen, °€s,, is a cycle when h = s + 2. We now observe that if 
h=s+1,°&s,is a cycle mod l. For 


Féms,s+1 PAX ms,s-+1 = = 0 mod l. 


From this it follows that the AT’s and é’s which satisfy the description in theo- 
rem 5.18 with s + 2 and ¢t + 2 replaced by s + 1 and ¢ + 1, constitute a set 
of cycles mod 1. We assert that these cycles are linearly independent with 
respect to homologies in mod 1. For suppose that a linear combination of them 
with coefficients not all zero is ~0 mod 1. It follows readily that the same linear 
combination—call it the corresponding cycles oT} , “Are, , is ~s 0 
mod L. Thus there exists a relation of the form 


Now the oI’s and A’s are each of the form cY° and therefore from 3.4 we have 
Fo" = & and hence & ~ 0; this is only possible if all the coefficients of & are 
to, Which proves our assertion. It can be shown, by an easy modification 
of the proof of 5.18 that the cycles in question form a basis for H,(p;l). These 
cycles are precisely the cycles of theorem 5.18 plus the cycles “Ema—1~. (Note 
that since m is odd, so is m(h — 1) — h as required; there can be no cycles of 
the form *Em¢h—ay x for then m(h — 1) — h would have to be even.) The number 


| 
y f 
Fd | 
~ 0 
in L 
can 
t is, | 
~ to 
oeffi- 
f the 
ps of 
nbers 
quals 
‘mine 
e the 


| 
| 
| 
| 


630 M. RICHARDSON AND P. A. SMITH 


of such cycles is Rau—)(P) = Ria(K). We have therefore the theorem that 
H,(p; l) is the direct sum of Ri(p; 1) cyclic groups of order m where R;(p; 1) = 
Ri(p) + Rra(K). 


6. A generalization 


Let us consider a complex P,, satisfying the conditions of section 3, which is 
not a product complex, but which does have, like Pmn, a homology basis of 
the form TT}, Af with TA = A, the elements of each basis being linearly 
independent. Under certain conditions, the analysis of the situation relative 
to Pm, T with m prime carries over to the more general P, , T even though 
we no longer assume m to be prime. As before we consider the sequences 


(6.1) "As, (o = dora). 


If °A** does not bound in K, let r(g, ¢, p) = g; if ’A}° bounds in K, let r(g, c, p) 
be the dimension of the first cycle of dimension less than g in (6.1) whose A* 
fails to bound in LZ. For a Pn, r(g, c, p) is defined only for values of g which 
are multiples of m, and if Ra, ¥ 0, we have (theorem 5.6, IJ;) 


r (ms, ¢, p) = 8 (c = 1, , Rm). 
Consider the set “D, of o-cycles 


"Akh (k — heven), 


6.2 
(l — h odd), 


where k, a range over all values for which r(k, a, ¢) is defined and equal to h, 
or, as we shall say, (k, a) ranges over all the solutions of the equation r(k, a, o) 
= h; similarly (6, 1) is to range over all solutions of r(J, b, 6) = h. Let Ds 
consist of the 5-cycles defined by interchanging the words odd and even in (6.2), 
and let "Dy consist of the A*’s of the A’s in’D,. In the proof of theorem 5.18, 
it was essential to know that the cycles of “Dy , as well as those of *Dy , were 
linearly independent with respect to homologies in L. In the more general 
situation the independence of the cycles "Dy; does not seem to be a necessary 
consequence of the topology of the situation and therefore will be postulated. 

Returning now to theorem 5.18 we see that the cycles °£,,,, can be described 
as the cycles ’&,, when (k, a) ranges over the solutions of the relations 


(6.3) 2+1r(k,a,c) Sh,k =h,k — h = 1 (mod 2) 
and the cycles *¢,,,, as the cycles °¢? , when (I, b) ranges over the solutions of 
(6.4) 2+ r(l,b,6) Sh,l Dh, l — h = O (mod 2). 


Thus if we denote the number of solutions of (6.3) and (6.4) by Si, Sh, theo- 
rem 5.25 takes the form: R,(p) = Ri + Si + Si. Except for one modifi- 
cation, this is the form in which the theorem carries over to the more general 
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case. The modification consists in adding to the expression for R,(p) the term 
T, which denotes the number of solutions (in c) of the equation 


(6.5) r(h, a) =h. 


To prove this, we first state the corresponding generalization of theorems 5.6 
and 5.12. 

6.6. Let T be a simplicial homeomorphism of P,, into itself of period m. Assume 
that for a fixed h and forh S k S neach H;(P), modulo m, is generated by —— 
independent cycles of the form At, = 0, - 
a=1,---,Rt;TA =A). [If the cycles of each set “Dz as well as those of ‘pt 
are os sadependent relative to homologies in L, Hj, is the direct sum of the 
cyclic groups of order m generated by the o-cycles : 


“Ata, “Ara (i = 0, — 2; Ann = ds) 
where (k, a) ranges over the solutions of 
(6.7) r(k, a, a) 2h, k — h = 0 (mod 2) 
and (1, b) ranges over the solutions of 
(6.8) r(l,b, 6) Zh l — h = 1 (mod 2); 


Hi is the direct sum of the cyclic groups generated by 
oh, “Ata, ‘Ata 

when (k, a) ranges over the solutions of (6.7) with 0 replaced by 1, and (I, b) ranges 
over the solutions of (6.8) with 1 replaced by 0. 

The proof is exactly like that of theorems 5.6 and 5.12 and may be omitted. 

We now turn to the modular space p. We must modify slightly the defini- 
tion of the cycles ¢ of 5.17. Let (k, a) be an arbitrary solution of (6.3). Then 
“Ata is a d-cycle, hence “AZ, = + “Ana, FX = “Agar. Since h — 1 
> r(k, a, «), there exists a chain Y* such that FY* = “Agi. Then 


FA(X — Y*) = AFX — AFY* = — 


and the last term equals zero since the cycle in parenthesis is of the form oZ. 
Consequently A(X — Y*) is a cycle, and we take this cycle for “i, . Since 
“Aix ~ Oin L, hence ~; 0, we have "Ann ~s3 0X. Therefore 


(6.9) = o(X — Y*) = 


In - same manner, we define for each solution (J, b) of (6.4) a cycle ‘ha 
such that 


Among the integers 1, , Ri, let those which are solutions of (6.5) be 
denoted by c, those wih are at by d. 
6.11. THEOREM. Under the hypothesis of 6.6, Hi(p) is the direct sum of the 
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cyclic groups of order m generated by the Ri cycles AT}, , the S% cycles “ti, , the 
Si cycles and the T;, cycles AA;*. 

Proor. The proof that the cycles in question furnish a basis for Hip) 
follows so closely the proof of theorem 5.18 that it may be omitted. It remains 
to show that the cycles are linearly independent. Suppose there exists a 
homology 


y = UAT: + + wh + ~ 0. 


Then A’y ~, 0in P. But since A’A* = cA* = 0, it follows from (6.9), (6.10) 
and theorem 6.6 that the w’s, v’s and w’s must be zero. Thus our homology 
reduces to, say, 


0 ~ 2, = F(d). 


Let D be a chain in K such that AD = d, cD = A’d. We have F(cD) = 
A’(a-AAx°) = 080 that oD is a 6-cycle. Hence FD is a o-cycle and we may then 


write, say, 
FD = 2,Ax° — 52° + Z*. 


But since FAD = Az,Ay* and Aé = 0, it follows that Z* = 0. Thus z,A;° 
~ 6Z°. From theorem 6.6, we have a relation of the form 


(6.12) — bug TT) Ain + 


If in the expression on the right each A be replaced by its A*, the resulting 
cycle is ~0 on L (by 3.4). Those of the A*’s which are not ~0 in L are distinct 
members of *Dj and are therefore linearly independent in L. Hence their 
coefficients must vanish. Hence in (6.12) the coefficients of the cycles Aj, 
(= Aj) are zero. If we observe that A;,, ~ 0 when k > h, and that p-homology 
implies ordinary homology, it follows from (6.12) that 6Z°, and therefore 
at-Ar° , is homologous to a linear combination of the cycles TT} and the cycles 
Ai. By precisely the same argument, 2-(Af — An’)) is homologous 
to a linear combination of the same sort. Therefore z,Aj also is homologous 
to a linear combination of the cycles TT} and AZ. But since the cycles Ai, 
Aj, T'T} are linearly independent, the z’s must vanish. This concludes the 
proof. 

Let Qi , Q; be the number of solutions of (6.3), (6.4), respectively, with the 
2 replaced by a 1. Then in a similar manner, we can prove 

6.13. THeorem. H,(p; l) is the direct sum of R,(p; 1) cyclic groups of order 
m where Ri(p;l) = Ri + Qi + Qh (under the hypotheses of 6.6). 

Another result whose proof we omit is the following: 

6.14. Under the same hypotheses, H,(L) is the direct sum of R,(L) cyclic groups 
of order m where R,(L) is the number of solutions of 


r(g, a, 6) =h, g — h = 0 (mod 2) 
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plus the number of solutions of 
r(j, b, c) = h, j — h = 1 (mod 2). 


Example. Let P be a torus with angular codrdinates 0, ¢ and let T be de- 
fined by 6’ = —0,¢’ = ¢. Obviously p is homeomorphic to the plane region 
bounded by two concentric circles. As a basis for H,(P) (modulo 2) we may 
take the curves A’, A” given by @ = 0 and ¢ = 0 respectively. There are no 
I’s. We find that r(2, 1, p) = 1 r(1, 1, p) = 1, r(1, 2, p) = 0 (note that 6 = 
when m = 2). Hence for h = 1, 2 there are no solutions for the relations’ 
2+r(l,a,p) Thus S = = 0(h = 1,2). There are no solu- 
tions for r(2, a, p) = 2 but there is one solution for r(1, a, p) = 1. Thus 7: 
= 0, 7; = 1 and hence R,(p) = 0, Ri(p) = 
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ON THE REGULAR REPRESENTATIONS OF ALGEBRAS* 
By C. NrEsBitt 


(Received May 9, 1938) 


Introduction.’ As this paper is the expression of my work as a student under 
Prof. R. Brauer, I wish at the outset to acknowledge my deep indebtedness to 
my former teacher. 

For an associative algebra a, having a unit element and lying over a given 
field K, two regular representations and © are defined. As we shall be con- 
cerned with the absolutely irreducible constituents of the regular representations 
we shall assume that K is algebraically closed. The decomposition of ® and © 
is our first goal. 

Let % be a representation of an algebra a by linear transformations of a 
vector space V. If V is the direct sum of two vector spaces V; and V2, both 
invariant under %, then $ is decomposable. By adapting the co-ordinate 
system in V to the decomposition, we obtain ¥ in the form 


% = 
0 

where %, operates in V; and BS in V2. In the case that the representations 
%, and B, are themselves decomposable we write them in the same form as 8 
above, and continue this process until we finally obtain the splitting of 8 into 
indecomposable constituents. By breaking up every indecomposable constit- 
uent into its irreducible parts we obtain the splitting of 8 into irreducible 
constituents.” The indecomposable constituents are uniquely determined if 
equivalent representations are considered as equal;* that the similar fact holds 
for the irreducible parts is well known. 


We denote the non-equivalent indecomposable constituents of # by lh, 
Ue, --- , U, the non-equivalent indecomposable constituents of S by Bi, %, 


* The following comprised a thesis written under the direction of Prof. Brauer and 
accepted by the University of Toronto, May 1937. 

1 A brief account of this work is given in a joint note by R. Brauer and the writer, Proc. 
Nat. Acad. Sci. Vol. 23 (1937). A paper by R. Brauer is forthcoming. For a paper by 
T. Nakayama, Some studies on regular representations, induced representations and modular 
representations, see Ann. Math. 39 (1938), p. 361. For a fourth paper by T. Nakayama and 
the writer, Note on Symmetric Algebras, see Ann. Math. 39 (1938), p. 659. We shall refer 
to these papers as B. N. Proc., B., N. Ann. and N. N. respectively. 

*See, for instance, H. Weyl, The Theory of Groups and Quantum Mechanics, London 
(1931) pp. 121-122 for the definitions of irreducibility and equivalence. 

*W. Krull, Math. Zeit. 23, p. 161 (1925). Cf. also R. Brauer-I. Schur, Sitz. Ber. Berlin, 
(1930), p. 209. 
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...,B, and the totality of non-equivalent irreducible representations of a by 
a §m-. Combining the powerful method used by Cartan‘ together 
with new methods, we obtain a number of connections between the U, , By and 
;,. In particular, the numbers k, 1, and m are equal, and the &, , Ul, may be 
enumerated in such a way that §, appears as first constituent in B, , and as last 
constituent in U,, that is 


These one-to-one correspondences between %, and §, , U, and §, are uniquely 
determined. 

We denote by c,, the number of irreducible constituents of U, that are equiv- 
alent to %,. Then cy gives the corresponding number for B,. We shall call 
these c, the Cartan invariants for a. The Cartan invariants are significant 
numbers, and several characterizations of them are given. 

In §8 attention is confined to algebras for which the two regular representa- 
tions are equivalent. Frobenius has given a necessary and sufficient condition 
for this equivalence, and we shall call such algebras Frobenius algebras.’ In 
the case of a Frobenius algebra the totality U; , Us, --- , Us of indecomposable 
constituents of coincides with the totality of indecomposable constituents of 
%, but U, is not necessarily equivalent to %, and c,, may be different from c, . 
There exists a sub-class of the Frobenius algebras, namely the symmetric 
algebras, for which U, and %, are equivalent, and c,, = c, for all x, 4. Among 
well known types of algebras which belong to the symmetric class are the semi- 
simple algebras, and the group rings of finite groups even in the case where the 
latter are not semi-simple, i.e. if the characteristic of the underlying field is a 
prime which divides the order of the group. 


1. Let a be an associative algebra, possessing a unit element ¢ and lying over 
an algebraically closed field K, and let «, &,--- , €n be a basis for a. For 
ever a in a we have equations 


j=1 

(2) a-e = 6, 
j=1 


where the coefficients r{?? and s§%) lie in K. The two regular representations R 
and & of a are obtained by associating the matrices R(a) = (r{%’), S(a) = (s{?”) 

‘E. Cartan, Les groupes bilinéaires et les syst¢mes de nombres complexes, Annales de 
Toulouse, 12 B, p. 1 (1898). We shall refer to this paper as C. 

CE. G. Frobenius, Theorie der hyperkomplezen Gréssen I, Sitz. Ber. Berlin, (1903). The 
Writer, in collaborating with T. Nakayama, adopted the term Frobeniusean algebra, but 
tow, quailing before our critics, we return to simply Frobenius algebra. 
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with a. The matrices of 9 are of degree n, and § is a faithful’ representation of 
a. The similar facts hold for S.® is called the first, and ©, the second, regular 
representation. 

In what follows for the matrix B(e;) = (b{°) which in any representation 8 
of a is associated with the basis element ¢; we use a contracted notation, namely 
B(e:)) = B; = (b;,). Then in the formation of S(e;) = S; we would consider 
equations of form 


(3) eg = size 
k=1 
but thinking in terms of the first regular representation (3) becomes 
(4) = rin 
k=1 
Comparing the right hand members of (3) and (4) we obtain the relation 


(5) re = 


We require some additional definitions. Let 8 and € be any two representa- 
tions of a which associate the matrices B(a) and C(a) with the element a of a. 
is intertwined with € is there exists a matrix P ¥ 0 for which 


B(a)P = PC(q) for all a ina 


holds. We say that % is h times intertwined with € if among all such matrices P 
there are exactly h that are linearly independent, and we indicate this relation 
by setting h = I(%, ©). 

TueorEM 1. If R and S are the first and the second regular representations of an 
associative algebra a, and $ is a representation of a, of degree b, which does not 
contain the 0-representation as constituent, then 


b = B) = 1(%, S).’ 
We shall prove the first statement, b = 1(R, B). 


Since % is a representation of a, we have from (1) 


B;-Bla) = Dori? B;, 


j=1 


or (6) 


‘ The term faithful is used to denote a representation which is isomorphic to a; cf. H. 
Weyl, Generalized Riemann Matrices and Factor Sets, Ann. Math. 37 (1936) p. 711. 

7 This theorem is the work of R. Brauer (cf. B.). I give it here completely as both the 
results and the method of proof are basic in the following. This theorem and its applica- 
tions are typical of the viewpoint of R. Brauer in these questions while T. Nakayama uses 
the language of homomorphisms. In this connection see N. N., Lemma 1 and Remark 1. 
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Taking the (r, s) element on each side of (6), we obtain 


b 
(7) = 2 
u=1 j=1 
We form the matrix P, = (b} ;):; by taking together the r* row from each of the n 
matrices B,, Be, --- , Bn. Then P, has n rows and b columns. Giving r the 
values 1, 2, --- , 6 we obtain b such-matrices. Further each P, intertwines 


9 and B for, on examination, we see that the (7, s) element of R(a)P, is >) r{2 bi, 
7=1 


b 
and that the (2, s) element of P,B(a) is but these are equal by (7). 


u=i 


Hence I(R, B) = b provided that the b matrices P; , Pe pong P, are linearly 
independent. But this in fact is the case, for suppose p> CmPm with not all 
Cn = Ovanishes. Then 
(8) DX cnbi,; = 0 


holds for all = 1, 2y---,m andj = 1, 2,---,6. Forming the one-rowed 
matrix C = C2, , We may write (8) as 


0-C = C.B; 


Thus the 0-representation and % are intertwined by C + 0, and by Schur’s 
Lemma’ $ would then contain the 0-representation as constituent contrary to 
our hypothesis. 

We may show on the other hand that b = J(R, B). For let V = (v;;) be any 
matrix intertwining R and 8. Then 


R,V = VB, (¢ = 1, 2,---,n) 
that is 
n b 
(9) Vik => Viu bi,. 
j=1 u=1 


let V; be the matrix (vj, v2 , --- , v;») having one row and b columns. Then 
(9) may be written as 


(10) > Ti V; = V Bi. 
j=1 


let us choose the basis element «, to be the unit element of a, then setting i = 1 


0O,t 
we have rj; = = { and from (10) 
(11) V;. 


"Cf. I. Schur, Sitz. Ber. Berlin (1905), p. 406. 
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If we know the row V; in V, we are then able to complete the whole matrix V. 
Starting with a number of choices for V; , say 


(12) V2", VY’, vr’, 
we construct the corresponding 
(13) 


We see immediately by (11) that a linear dependence of the matrices (12) implies 
the same dependence for the matrices (13). Then the number of linearly 
independent matrices intertwining ® and % is at most equal to the number of 
linearly independent matrices with one row and b columns. It follows that 
I(®, B) S b, and comparing with the former inequality we obtain I(R, B) = b. 

In the proof of the second statement, b = [(S, S), we would define matrices 
Q, formed by taking the r** column from each of the matrices B; , thus obtaining 
matrices (b},);; with b rows and n columns. These b matrices Q, form a complete 
linearly independent set of matrices intertwining 8 and ©, the term complete 
implying that any matrix P which intertwines 8 with S may be expressed as a 
linear combination of the Q,(r = 1, 2,---, 6). The proof is similar in every 
detail to that above. 

As an immediate application of the method of Theorem I we have 

Corotiary 1. The matrices Tm = (rim), (m = 1, 2, --- , n) form a complete 
linearly independent set of matrices intertwining R with S. 

Again, from the method of the theorem, and the relation (5) we obtain the 
well known result? 

Corotiary 2. The matrices S;, (j = 1, 2, --- , n) form a complete linearly 
independent set of matrices which intertwine R with itself, that is, which commute 
with every element of R. The matrices R; have the same property with respect to ©. 


2. In analyzing the determinants of the regular representations, Cartan 
selected a particular basis system the use of which exhibited the factor structure 
of these determinants.” We shall employ the same basis system together with 
more recent concepts, in particular, that of intertwining matrices, to study the 
representation structure of the regular representations. 

We now replace the elements of the abstract algebra a by the matrices of a 
faithful representation %{ of a, and shall in the following consider % to be our 


algebra. Let $1, 32, ---, § be the distinct irreducible representations of a. 
We assume % to be split into its irreducible constituents, thus 

To 

(14) 


° Cf. H. Weyl, (on. «it. in footnote 6) p. 715. 
Cf. C. 
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where each §,; is equivalent to some §;, and each §; appears at least once 
since % is a faithful representation of a. 2 may be expressed as the direct sum 
of its radical Nt and a semisimple algebra &, such that by proper choice of co- 
ordinates” 


Bon 
@ may in turn be written as the direct sum of simple algebras &% , &, --- , & 
where %, contains only constituents §, , thus 


(15) 


0 a 
0) 
In particular, the unit element E, of % has a unit matrix of proper degree in 


each of the places where , appears in 9%, and has zero elsewhere. At once 
follow the relations 


(16) E,E, = 0, #£,E, = E,, 

(17) h+h+---+H, = £, 

where Z is the unit element of &. Any matrix A of % is such that 
(18) A = EAE = E,AE, = Aq. 


The matrix 4a = E,AE, belongs to the algebra %, since it is a product of 
matrices contained in . 


An element M of % is said to be of type (u, v) if 
(19) E, ME, = M. 
Then Aw is of type (x, \) for from (16) 


= E,E,AE,E, = E,AE, = An. 
In particular, E, is of type (x, «). The product of an element M of type («, ) 
and N of type (u, v) is 


(20) M-.N = E,ME,E,NE, = 0, 

= E,ME,-NE, = E,M-NE,,»\ =u (ef. (19), (16)) 
and is, Piatto of type (x, v). 


ae for instance, L. E. Dickson, Algebras and their Arithmetics, Chicago, 1923, or 
Deuring, Algebren, Ergebn. Math. 4. (1935). 
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We denote by E,(mn) the matrix which has 1 for the (mn) coefficient of the 
irreducible constituent §, of 2, and zero elsewhere. That such a matrix belongs 
to 2, and hence to %, follows from the Burnside Theorem.” We may easily 
verify the relations 


E, = E,(ii), 


(21) 0 if either vor n# p, 


E,(mn) -E,(pq) = if both = vandn = Pp. 


Then to select a basis for elements of type (x, 4) we form the product 
(22) P = 


Now, by its construction, A,, can have non-zero coefficients only in blocks at the 
intersection of those rows which in % (ef. (14)) contain §, , and of those columns 
which in & contain §,. We denote these blocks by 7, and the degree of §, 
by f,. Then each of these blocks 7, has f, rows and f, columns. In the 
formation of the product (22) each such block is multiplied on the left by a 
matrix of degree f, having 1 for its (77) coefficient, and zero elsewhere, and on the 
right by a matrix of degree f, having 1 for its (pq) element and its remaining 
coefficients zero. The effect is to make the (jp) element of the original block 
the (iq) element in the product block, and to give zero elsewhere. 

We choose (7g) to be (11) so that the resulting blocks can have non-zero 
coefficients only in their upper left corners. From these matrices 


(23) E,(1j)Awy(p1) 


we shall select a basis system after the following consideration. 

We denote by 9 the set containing all elements of form _ Nu, Nu. +++ Nu, 
where the N,, are elements contained in the radical Jt. For a sufficiently high 
value t, N‘ = 0. It is readily verified that these It” form invariant subalgebras 
of %. If we denote % by N°, we have 


A= NON ORD... DRODMN' =0. 


We say that an element A belongs to Nt” if h is the largest value such that mn" 
contains A. In particular, the semisimple subalgebra 2 belongs to 2”. We 
denote matrices which belong to by A”, B™ ... (hk = 0, 1, 2,---, 
Then A®.B® = C® wheret >r+s. 

In choosing a basis for the matrices (23) we first select as many basis elements 
as possible from the set Jt'", then as many as possible from 9’ besides those 
already taken in Jt'" and so on (at each stage we require, of course, linear 
independence). We thus obtain a basis 


(24) Bi, Bi, 


12 See, for instance, B. L. van der Waerden, Moderne Algebra, II, p. 183. 
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for the matrices (23) such that any matrix of (23) which belongs to N” is ex- 
pressible as & linear combination of the matrices (24) which belong to the sets 
’,u 2. Using Cartan’s notation we shall denote by ca the number m of 


matrices in the set (24). To each type (u, v) there is thus associated a number 
¢, ;in the following these ¢,, are of considerable significance. 
From the matrices (24) we form the associated matrices 


1, 2, Cary 
(25) By E\(1q) 1, 2, 


1,2,---,fr, 


and denote this set (25) by the symbol B,. Observe that, by definition, 
B.(11)BiE\(11) = Ba. The elements of B, are linearly independent, for if 
Bo E,(19) = 0 
then, multiplying by £,(1r) on the left, and by E,(s1) on the right, we have 
(cf. (21)) 


but the By, by choice are linearly independent, hence the coefficients a,,, are zero. 
Moreover, let A,, be any matrix of type (x, 4). Then 


Ay = = E,( jj) Aa Ex(kk) 
= -E,(1k). 


But P = E,(1j)A,,E,(k1) belongs to the set (23), hence P may be expressed as a 
linear combination of the elements (24). It follows that A, is expressible as a 
linear combination of the elements (25). Accordingly, the set B,, forms a basis 
for all matrices of 2% which are of type (x, \). 

We repeat this method of selection to obtain bases B,, for the matrices of each 
non-trivial type (u, v). Taking together the elements of all these sets B,, we 
obtain finally a basis of our algebra %, 


= 1, 2, 

(26) By: = 1,2, (x,A = 1,2, ---,h), 
J 1, 2, 

for: 


1) Every element of % is by (18) a linear sum of elements Aj , and A may 
Written as a linear sum of elements of the basis B,, for type (x, d). 


2) The elements of this set (26) are linearly independent. A linear relation 
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which includes elements of types (x, 4) may be reduced by multiplying on the 
left by E, and on the right by E, to a linear relation among the elements of the 
set B,, which we have seen above to be linearly independent. . 


3. We shall now order the elements of the basis (26) in such a way (as we shall 
see later) that the second regular representation formed with regard to the 
ordered basis is split into its indecomposable and its irreducible parts. 

a) The elements (25) give a basis B,, for all elements of type (x, ). We 
obtain a basis for all elements of types (u, \), d fixed, u = 1, 2, --- , k by taking 
together the elements of all B,, (u = 1, 2,---, &). We symbolize the set so 
formed by B,. We thus have k sets B, , Be, --- , Be. 

b) We arrange the elements of B, into subsets B,, 7 = 1, 2, --- f,, where 
Bi contains the elements : 


x2 1,2,.---,k, 
m= 1,2,---, Cn. 


c) Finally we arrange the elements of Bj according to the sets N” (see §2) to 
which they belong. We first select the matrices Bi, of the set (24) which belong 
to N°. There is only one, and from (15) we may take it to be the matrix E,(11) 
having, as its only non-zero coefficients, 1 in the upper left corner of each }, 
appearing in %{. We take the elements associated with £,(11) 


(27) = = 1,2,---, fi) 


as the first group of elements in the set ${ and arrange these according to ¥ 
ascending values of 7. Next we select the BY, which belong to 9’, and arrange 


their associated elements as the second group in Bj , and so on. : 
t 

3’. The analogous ordering of the basis elements (26) for the purpose of § in 

obtaining a reduced form for the first regular representation is as follows. ne 


a’) We form the set B, by taking together elements of all B,, (u = 1,2, --- , #). 
b’) We arrange the elements of B, into subsets Bi , i = 1, 2, --- , f., where By 
contains the elements 


A= 1,2,---,k, 
(Aj), j = 1,2, fr, 


wh 

w=1,2,---, Ca. the 

c’) In the set B; we take first the elements which belong to the highest power 7 
of %, then those belonging to the next highest power of Jt, and so on. q Ve 
we 

4. We shall now form the second regular representation of 2% with respect to E,( 


the basis (26) ordered in the manner described in §3. In the following when we 7 | 
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peak of the product of an element A or 2% with a basis element, we shall mean 
that A is multiplied on the right by the basis element. Then the product of A 
and an element from the set By (cf. (§3, a)) is by (18) and (20) expressible as a 
linear combination of the elements of B,. As a result, the second regular 
representation (cf. (2)) splits in the form 


(PB, 
O 
(8) 


Dal 
where the block 3, is associated with the set B,. 

Let us next consider more precisely the product of A and an element P = 
F,(i1)BY,E,(1j) from the set By (cf. §3, b)). We multiply P with A in steps. 
We have first from (18) and the definitions of F,(71), Bt, that 


T Ty Py l 


where the a (" sy * ‘) are the coefficients in the expression of the product as a 


linear combination of the basis elements (26). Now multiplying on the right by 
F,(1j) throughout (29) we have 


(30) A-E,(i1)B, = > , ‘) E,(l1)B?, Ex(1j) 


T l 


where the coefficients a ‘) are the same as in (29), and are thus independ- 
P) 


ent of 7. Then corresponding to the grouping of the elements of the set B, into 
the subsets By (j = 1, 2, --- , f,) we obtain a splitting of the block B, (cf. (28)) 
into f, parts, each of which has the same coefficients by (30). Naming these 
new parts 8, , we have S now in the form 


(E;, X Bi 0 ) 


where Ey is a unit matrix of degree f, and E, X % is the Kronecker product of 
the matrices Ey and 


We shall now consider a fixed %, and shall simplify our notation slightly. 
We leave away the factor E,(1j) in P, and instead of the general relation (30) 


@ “consider the formulas which express A-P = A-E,(i1)Bi, by the elements 


(cf. (29)). 


We shall now take account of the arrangement described in §3,¢). In the 
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relation (29) let us suppose P = E,(i1)B& belongs to 2’. Now, in general, 4 
will be expressible as a linear sum of basis elements belonging to various sets SR 
from 2° to R'*. The product of those components of A which belong to SX’, 
s > Oand P will (see §2) belong to Jt’, t > r, so may be written as a linear sum of 
basis elements belonging to sets Nt’, 1 2 ¢ > r, and thus give rise to coefficients 
below the main diagonal in %&,. On the other hand, the product of those 
components of A which belong to Q° and P may contain terms belonging to 9, 
and consequently give coefficients in a block ©, in the main diagonal of ,. 
It follows that 


(32) = 


where the block ©, appears at the intersection of those rows and columns of 
which are associated with basis elements belonging to 2’. 

Let us examine these blocks ©, more precisely. We shall first consider the 
product of A and a basis element P = F,(i1)E,(11) = E,(71) from the set (27). 
Expressing A as a sum of the basis elements (26) we have (cf. (27)) 

(33) A = terms in + E,(mn) 

where t > 0 and the f are coefficients from the matrix F(A) which corresponds 
to A in the irreducible representations §, of &%. Then, from the relations (21) 


(34) A-E,(i1) = terms in % + >> f2? Fy(ml). 

Giving 7 the values 1, 2, --- , f,, and comparing with (32) we see that the first 
constituent © of YW, is the irreducible representation §, of %, that is, 

(35) 


We have already seen that %, appears f, times as constituent of © where fi 
is the degree of §, (cf. (31)). 

From these facts it follows that %@, is indecomposable. For suppose &, 
can be decomposed into two parts %, and %,. By a suitable transformation of 
co-ordinates we may arrange that %&, and By are split into irreducible constit- 
uents. Let their first irreducible constituents be %, and % respectively. As 
irreducible part of the representation S, %, must be equivalent to one of the 
irreducible representations §,(u = 1, 2,---, k) of &. If § is equivalent to 
%., k ¥ X, then §, appears as first constituent of both YW and BW, so that (cf. 
(31)) on permuting rows and columns we may write S as 


E;, « 0 
). 
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Then the matrices 
(m, Ufythes 0) Xx E;, 


where the 2; are arbitrary elements from the field K, intertwine §, and S. 
Consequently, , S) > he which is in contradiction to Theorem 1. The 
only possibility left is that both §, and §, are equivalent to §,. But since in 
this case §, appears as first constituent of both YW, and WM,’ from the same 
argument as above I(§, , ©) 2 2f, which again is a contradiction. 

Denoting the non-equivalent indecomposable constituents of G by &:, 
, Br we have 

TazorEM 2. The number l of distinct indecomposable constituents B, or S is 
equal to the number k of distinct irreducible representations §, of AU. We may 
arrange the By and the §, in such a manner that B) contains §, as first irreducible 
constituent (\ = 1,2, --- , k), 


(36) B, = “3 


It is not possible to find another splitting of By of the form (36) in which there 
stands another completely reducible representation at the place of §, . 

The first part follows by enumerating the ¥%, so that By is Wy. The last 
statement results from the fact that all possibilities for 5 other than §, itself, 
lead by the above form of argument to a contradiction to Theorem 1. 

We shall say that a representation % is split into its top series of Loewy 
maximal completely reducible parts if 


Bi 
* . . 


where the 8, are completely reducible, and $, cannot be replaced by a completely 
reducible part of higher degree, further, if B, is fixed, then S: cannot be replaced 
by a completely reducible part of higher degree, and so on. Analogously we 
shall say that B is split into its bottom series of Loewy maximal completely 
reducible parts if 


*.* 


where 8, is completely reducible and maximal, 82 is completely reducible, and 
maximal if 8, is held fixed, and so forth. If equivalent representations are 


q ‘sidered as equal, then the %, and §%, are uniquely determined. We now 


show 


“A. Loewy, Uber die vollsténdig reduziblen Gruppen, die zu einer Gruppe linearer ho mo- 


gener Substitutionen gehéren, Trans. Amer. Math. Soc. 6 (1905) p. 504. 
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TuHEoreM 3. By arranging the basis elements E,(i1)Bix(d fixed) with first those 
which belong to N°, next those which belong to Nt’, and so forth, the indecomposable 
constituent B of S splits into its top series of Loewy maximal completely reducible 
parts. 

We have already seen that under this arrangement of the basis elements 
E,(i1) Bi, &, has the form (32) where the block €, appears at the intersection 
of those rows and columns of %, which are associated with basis elements 
belonging to 2’. 

i) The part ©, is completely reducible. Let 


(37) Bh, Be, Bn 


and their associated basis elements be those matrices of the set Bj (see §3, b)) 
which belong to %”. Consider the product of A and P = E,(i1)Bi,. Again 
taking A in the form (33), we obtain from the relations (21) 


(38) A-E,(i1)B%, = terms in + >> f E,(m1)B%, 


where s > r and the f\) are coefficients from F,(A). Observe that no basis 
element belonging to Jt’ other than those associated with Bf, appears in the right 
member of (38). Giving 7 the values 1, 2, --- , f, we see that §, appears as a 
constituent of €,. By application of the argument for each element of the 
set (37) it follows that 


0 
0 Or 

ii) We shall now show that the G, give the top series of Loewy maximal 
completely reducible parts of B, (cf. (32)). We have already seen (cf. Theorem 
2) that © = § is the uniquely determined first maximal completely reducible 
part of B,. Suppose @, G,---, G1 are maximal (in the Loewy sense), 
then we shall show that G, is also maximal. 

It can be shown” that if, when © , G,, --- , ©, are fixed, a larger completely 
reducible part can be obtained in place of ©,, it may be done by means of 
similarity transformations of two types on B,. Each row and column of & is 
associated with a definite basis element (cf. (2)). The transformations are (a) 
Multiplying the row p (associated with a basis element belonging to It’) by a 
constant c and adding to row q (associated with a basis element belonging to 
N°, s > r), and corresponding operations for columns, viz. multiplying column 4 


by —c and adding to column p; (b) Rearranging rows and columns which are 
associated with basis elements belonging to 3°, s > r. 


18 This is a theorem of R. Brauer and will appear in B. 
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For the second regular representation” this means that the basis elements 
which belong to Jt” may be changed by the addition of elements which belong 
to a higher power of Jt, and that perhaps the basis elements belonging to the 
sets Nt’, s > r are taken in another arrangement. If then we would have 


| 


C1 


= 0 
0 * 
* 
it would mean that on multiplying an element N in 9t by a basis element belong- 
ing to St” we would obtain a linear combination of the basis elements following 
those belonging to Jt” but the first basis elements immediately after those of Jt” 


would not occur (ef. (2) and §2). If M is such a basis element it belongs to 
N* a> Ohence M = >> X,Y,, X, in N’, Y, in N’- Y, may be written as (a) a 


linear combination of the basis elements belonging to Qt’ plus (8) a linear combi- 
nation of basis elements which belong to sets Jt’; s > r. By the above remark 
the product of X, and (a), when expressed in terms of the basis elements, cannot 
contain the basis element M, neither can the product of X, and the part (8), 
as this latter product is contained in N*** ands > r. Then >> X,Y,, expressed 


as a sum of basis elements, does not contain M, which gives a contradiction. 
This completes Theorem 3. 

We say that an irreducible constituent § of a representation $ has the multi- 
plicity h if h of the irreducible constituents of B are equivalent to §. We may 
now easily obtain 

TurorEM 4. §, has multiplicity c., as irreducible constituent in By. 

Proor. If in the relation (38) we use in turn each of the ca independent 
Bi (x, \ fixed) we obtainfor each such element an irreducible constituent §, in 
%,. Thus §. appears at least c, times as constituent in B,. But from (33) 
and the relations (21) we see that the Bi,(u = 1, 2, --- , ca) and their associated 
elements (E,(t1) Bi) are thé only basis elements of types (v, 4)(v = 1, 2, --- k) 


— can give rise to the constituent §, , and so the statement of the theorem 
ollows. 


4’. By forming the first regular representation with respect to the basis 
elements (26) ordered as in §3’, and applying arguments similar in every detail to 
those in the preceding section we obtain the analogues of Theorems 2, 3 and 4. 


“It is to be observed that, if (e:, «2, °- , €,) denotes the basis system used in the 


formation of G, then transforming © into T-!GT is equivalent to replacing (e: , €2 , «** , én) 


by (a, tee » €n) 
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Thus, denoting the non-equivalent indecomposable constituents of R by U,, 
Us, --- , have 

THEOREM 2’. The number of distinct indecomposable parts U, of the first regular 
representation SR is equal to the number of irreducible representations §, of Y. 
We can enumerate the Uy in such a way that §) is the last constituent in Uy, 


(39) 


There exists no splitting of Uy of the form (39) in which there stands another com- 
pletely reducible part in place of &x . 

TuroreM 3’. By arranging the basis elements Bi, E,(1j) with first those which 
belong to the highest power of Nt, then those belonging to the next highest power of N 
and so on, the indecomposable part U, of R splits into its bottom series of Loewy 
maximal completely reducible parts. 

THEOREM 4’. %) has multiplicity ca as irreducible constituent in U, . 


5. We have defined the multiplicity of an irreducible constituent of a repre- 
sentation 8 and we may similarly define the multiplicity of an indecomposable 
constituent of 8. We denote the degree of lk by uw, and that of B by ». 
From (31) it follows that %, has multiplicity f, as indecomposable constituent in 
S, and similarly 1, has the same multiplicity f, in 9%. On the other hand, from 
Theorem 4 and (31) we have that the multiplicity of §, as irreducible constituent 


in S is }) c,f,. But on considering the degrees of Ul, and of its irreducible 
p=1 


k 
constituents we have from Theorem 4’ that > Crfr = Ux, 80 that the degree u 
T=1 
of the part U, of # gives the multiplicity of §,in S. Similarly from Theorems 4 
k 
and 4’ the degree » = >» caf, of B, gives the multiplicity of §, as irreducible 
t=1° 


constituent in 9. Moreover, 


k k k ® 


6. We can now prove 
THreorEeM 5. If & is a representation of A, and y the multiplicity of §. as 
irreducible constituent in B is hy then 


hy = 1(B, B) = I(U, B).” 


Proor. We shall show the first statement, h, = I(%, By). The proof is 
simple in idea but complicated in notation. We shall use the basis system 
ordered as in §3, and shall simply apply the method of Theorem 1 to construct 


" This theorem was first established by R. Brauer and will be discussed in B. I give 
here a somewhat less elegant proof than his, but one I wish to make use of in other work, 
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linearly independent matrices which intertwine 8 with B,. Let us, for sim- 
plicity, suppose = 1, then by (31) 

98, 
Bi 0 
(40) 


where %, appears f; times. There is a set of v; basis elements from the system 
(26) associated with the first indecomposable part %, , a second set of » basis 
elements associated with the second part %,, and so on. The first f, basis 
elements of these sets are, respectively, by §3, b) and c) 


E,(i1); E,(i2); --- ; Ex(ifi) = 1,2,---, fi). 


Now suppose % has a constituent §: which contains the intersection of the k** 
row and column of %. 


* 

We denote the degree of Bby b. Let a, &,--- , €, for the moment represent 
the elements of the basis (26) for %, and B(e,) = (b;3);; the matrix in B cor- 
responding to «,. Then by Theorem 1, the matrix Q, = (bj.):; of b rows and 
n columns, formed by taking the kt» column from each of the matrices B(e;), 
intertwines 8 with S. We write Q; in the form 


(42) Q: = Qi”, 
where Q;” contains the first set of », columns of Q,, Q{” the second set of » 


columns of Q; , and soon. Since Q; intertwines 8 with ©, then from (40) and 
(42) each Qf” intertwines B with B,. Now the kt column of Bis the p** column 
of the constituent §1 in question, p S f;. Let us examine then, in particular, the 
matrix Q;” which contains the p* set of v; columns of Q,. Consider the basis 
elements associated with this p* set of », columns. The first f; columns of this 
set are associated, as remarked above, with the basis elements E,(ip) (¢ = 1, 
2,---, fi). By definition E,(ip) has 1 for the (¢p) component of the constituent 
{and zero elsewhere. Then the matrix B(E,(ip)), which in corresponds 
to E,(tp), has 1 for the (ép) component of the constituent §, of 8 and zero 
elsewhere in $,. As for the last v; — f, basis elements of the p* set, they belong 
tothe radical and hence are represented by zeroin §:. From this it follows 


0 0 
(43) E;, 0 
* * 
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where E;, is a unit matrix of degree f; appearing between the same rows of Q;”’ 
as does §: in % (ef. (41)). 

Thus for each constituent §, that B contains we can construct a matrix of the 
form (43) with b rows and », columns which intertwines $ with B. Since in 
each case the unit matrix appearing in the first f; columns is between the same 
rows as is the particular constituent § in 8, then the matrices so constructed 
are linearly independent. Hence % is at least h, times intertwined with &,. 
Similarly 


(44) I(B, By) 2 hy. 


Then considering the number of times % is intertwined with S we have since 
%, has multiplicity f, in S, and F, , multiplicity A, in B, 
k 


(45) 1(B, S) = Inf, = 


By Theorem 1 we may have only the equality sign in (45) and hence also in 
(44). This completes the proof of the first statement in the theorem, the second 
follows by a similar argument. 

From Theorems 4, 4’ and 5 we obtain the following characterization of the 
numbers 


= , By) = TU, Ux) , Bx). 


7. Besides the above method of analyzing the regular representations there are 
others which yield related results.” For instance, R. Brauer has shown von- 
nections between the indecomposable constituents of a matrix ring B and .he 
irreducible ‘constituents of a matrix ring A of the same degree whose matrices 
are commutative with every matrix of B.”’ This method is applicable to the 
regular representations since by Theorem 1, Cor. 2, the transpose of each matrix 
of S is commutative with every matrix of R. If we take the basis (26) to be 
arranged as in §3 for the second regular representation we obtain 


0 
Ry x me 
0 . 
(Ey, x Bi 0 ) 
S = E;, X Be 
0 


18 In particular, see the more general case discussed in N. Ann. : 
1° Cf. R. Brauer, Uber die Darstellung von Gruppen in Galoisschen Feldern, Actualités 
scientifiques et industrielles, No. 195 (1935). 
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where Sto is the semisimple sub-system contained in ®. The relations (46) are 
equivalent to those obtained by applying Brauer’s method to the regular 


representations. 
A result of Frobenius is also of interest here.” Let «4, @&,---, én be the n 


basis elements (26) of Y, and put . 
renatmate + me, y= nat + ne. 


We denote by C(x), C(y) the matrices representing z and y in any representation 
€ of the algebra %. According to Frobenius’ result the determinant of the 
matrix (S(x) + R’(y)) may be written as 


(47) | + R’(y)| = 
with 
(48) va = IT (us? + 6”) 


where u‘” runs over all characteristic roots of F,(x) and vx” over all roots of 
F\(y). Here the y,, are distinct irreducible polynomials in 7, --- 
y.. We shall show that the exponents d, are the Cartan invariants ca of 2. 

We again take the basis elements (26) to be arranged as in §3. Then Ro(y) 
and S’(x) have the forms given in (46), so that 


9) S@) + RY) | = | X + AW) X Bn |. 
Choose x and y to be elements of 2 such that 
(50) = Fp, Fily) = rE, 


where a, and b, are arbitrary numbers from the field K. The characteristic 
roots of | Ey, X Va(x) + Fyx(y) X E,, | are then given by 


| Ey X Valz) + — | = 0. 
It follows that 


m = + Pp, 


where p is a characteristic root of E;, X V(x). The characteristic roots of 
V\(2) are from Theorem 4 and (50), a, with multiplicity caf.,« = 1,2, ---,k. 


Then the roots of X V(x) are a, with multiplicity «=1,2,---,k. 
It follows that 


(5) X Vale) + FA) X = + 
But, on the other hand, from (48) and (50) 

(52) va = (a +d), 

0 that, on comparing (47), (49), (51) and (52) 

IT (a, + = I (ag + 


K, 
*G. Frobenius (op. cit. in footnote 8) p. 529. 
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Since the a, , b, are arbitrary, we obtain 


Ca = An = 1,2,--- , k). 


8. Let us return for the moment to the abstract algebras, and consider now 
algebras a for which the two regular representations are equivalent assuming as 
before that a possesses a unit element. A necessary and sufficient condition 
for this equivalence has been given by Frobenius, namely that the parastrophic 
determinant should not identically vanish.” In our notation this condition is 


(53) [P| =| Tate = A Oin 2, 2, +++, 2m, 
where according to Theorem 1, Cor. 1, 7 is the most general matrix such that 
RT = TS. 
We shall call such an a a Frobenius algebra. 
If we consider a as an n-dimensional vector space, with basis ¢, €&, +--+, €n 
and assume § is equivalent to S, then for some ¢ , C2, - ++ , Cn 
(54) | Tmem| = rincn| 0. 
It follows that the hyperplane L, consisting of all elements z = >> 2mém of a 
m=1 
with >> cm2%m = 0 does not contain a right ideal (except the null ideal). For if 


m=1 
L contains a right ideal ¢ it contains the principal right ideal generated by an 
element of c. Suppose L contains the principal right ideal (£) where & = 


+ +--+ + Unén. From (4) 


n 
= HiT im €m 


i,m= 


and for Z to contain we must have 


or 
(56) wi Tim 0, 


which gives a contradiction to (54) unless all yu; are zero. Conversely if L: 
Dd cmtm = 0 does not contain a right ideal, the relation (54) holds and % is 


equivalent to S. For if (54) were not true there would exist elements y; from 
the underlying field, not all zero, satisfying (56) and hence also (55), so that L 


would contain the right ideal () where = }° u:¢:. The condition characterizing 


21 G. Frobenius, op. cit. 


€n 


(0 
1 0 01 
0 1 
By = i By = , 
0 0 0 0 
L 0 0) 0 0) 
(0 (0 
0 0 0 0 
0 0 
By = By = 
1 0 01 
0 0) 0 0) 
(0 (1 
00 0 0 
By = B33 = 
0 0 0 0 
0 0 
1 0) 0 1) 
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Frobenius algebras may thus be given in the form: Not every hyperplane in a 
contains a right ideal (other than the null ideal).” 

In the case of a Frobenius algebra R and ©, due to their equivalence, have the 
same irreducible constituents, and hence from section 5 u, = » (A = 1,2, --- , k). 
The totality Ul, , Ue, --- , Us, of indecomposable constituents of R coincides with 
the totality of indecomposable constituents of S. But, as the following example 
shows, ll, may not be equivalent to B, , and c, may be different from ¢,, . 

We take 


G & 


G 


containing all matrices of the above form in which for each of the parts §, , 
$3, are taken arbitrary elements from the underlying field. 
Here the irreducible constituents §,(A = 1, 2, 3) are of first degree. The basis 
elements ordered properly for the first regular representation are then (cf. 
§§2, 3’) By By Bay Be Bye Bs where 


0 


0 


“We mean by a hyperplane in a an (n — 1)-dimensional vector subspace of a. 
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On forming the first regular representation we obtain # = Y%. Taking the basis 
elements in the order B33 , Bis, Bu , Ba , Boe , Be for the second regular repre- 


sentation (cf. §3) we have S© = % also. Evidently, R and S are equivalent. 


0 0 
However, ll, = (°° ) is not equivalent to B = ~ ) , and the c, are not 


symmetric, e.g. Ci3 = 1, cs, = 0. 

We shall call an algebra symmetric if the following condition is satisfied: 
There exists a hyperplane in a which contains all commutator elements a8 — Ba 
(a, 8B elements of a) but does not contain a right ideal (except the null ideal). 
It follows at once that every symmetric algebra is a Frobenius algebra. 

Suppose L: > cm2m = Vis the given hyperplane. Since L does not contain a 


m=1 
right ideal then (cf. the above) the matrix T = (> rimcm) has determinant 
different from zero and transforms % into ©. 


Let = B= where the y; are arbitrary elements from the 


i=1 i=1 
underlying field. We find 
aB — Ba = riyilece; — 
1= 


n 


(57) 


i7= 


If L contains all aB — Ba 
p Cm Tim) = 0. 


m 
But the 2; , y; are arbitrary, so that 
(58) Thm Cm p » Tim Cm 


From (58) the matrix T = rimem)i;is symmetric. Conversely, by a reversal 


of the steps, we may show that the existence of a symmetric matrix with determi- 
nant different from zero, which transforms ®t into S requires the algebra a to be 
symmetric. ; 

TuEorEM 6. A necessary and sufficient condition for an algebra a to be symmetric 
is that there exists a symmetric matrix T' with determinant different from zero which 
transforms into S. 

We can now show 

THEOREM 7. [f the algebra a is symmetric then the indecomposable constituent 
U, of R ts equivalent to the indecomposable constituent B, of S (« = 1,2, --- ; k).” 


N. N. 


i n n 
m 
— 
f 


the 
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Proor. We suppose Ul, = &, for all « is not true, and choose x such that 

ll, = B,4#«. From Theorem 5 we then have 

I (Uy 1, 

; Ux) By) = 0. 


Let us, therefore, examine matrices intertwining U, = (u;;) with §. = (fi;) and 
compare these with matrices intertwining §, with U, . | 
From the method of Theorem 1 we have that the matrices Q, = (uj,);;, 


(59) 


r= 1,2,---, ue, form a complete linearly independent set of matrices inter- 
twining U, with © 
(60) u.Q, Q,S (r = 1, 2, eee 


Again from Theorem 1, the matrices P, = (f;;);; form a complete linearly inde- 
pendent set of matrices intertwining ® with §, , 


(61) RP, = PLS. (s = 1, 2, 
By Theorem 6, since a is symmetric, there exists a symmetric matrix 7’ with 


| T | ¥ O such that 


(62) R = TST", T = T". 
From (60), (62) and (61) it follows that 
(63) U.Q, TP, = Q,T 
The matrices Q, T'P,,r = 1,2, --- , = 1,2, --- ,f, intertwine U, with . 
From (39) the matrix Z = E with u, rows and f, columns intertwines U, 
te 
with §,. We may arrange the basis elements (26) so that 
) 
Us 0 
(64) RK = 
0 
Us, 
Then 


0) = (Bug, 
which gives on setting 
(E.,, 0) = X, 


(65) UXT = XTS. 


By (65) XT is a matrix intertwining U, with S, and may, therefore, be written 
as a linear sum, say =, a,Q, of the matrices Q,, so that 


(66) x= > 
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On the other hand from (39) and (64) 


(0) 
Es, 
where Y = | 9 


| 


RY = 


is a matrix of n rows, f, columns, having a unit matrix in the 


block of f, rows following the (ue — f.)** row. Since Y intertwines ® and §, 
it may be written as a linear combination, say >> b, P, of the matrices P,. It 


follows that 


XY = 


(0 
Es, 0 

9 | = (2) =Z a,b,Q,T P,. 
0, 


Consequently, the matrix Z which intertwines U, with §, is a linear combination 

of the matrices Q,T" 'P, and so at least one of these matrices is different from the 

zero matrix. Now if = (y:;), Q,T = (2 Wir Vinh and for some 
ik il 


choice of the subscripts 7, r, s, 1 we must have a non-zero coefficient, say 


(67) 


Vint ~ 0. 


By a similar method we may find matrices intertwining §, with U,. As in 


(60) we have 
(68) 


Q, Q,S (r 1, 2, --- 


where Q, = (f/,):;. Again, as in (61) 


(69) 


RP. = (s 1,2, 


where P, = (ui,);;. Then from (68), (62), and (69) we obtain 


(r = 1, 2, 1, 2, Ux). 


However, by (59) I(§, , Ux) = 0, so 


(70) 


Q,T'P, = (2. wen) = 0. 


il 


The coefficients of these matrices (70) are zero for all choices of subscripts 
a, 7, 8, Land, in particular, for? = y, r = z,s = w,l = 2, that is, 


(71) 


k 
Vines Sie Voi = 0. 


|| 
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But the matrix 7 is symmetric, and the same is, therefore, true for 7”! = (yx), 
with the result that the sum in (71) is the same as that in (67), which provides a 
contradiction. Then U, must be equivalent to for = 1,2, --- ,k. 

The equivalence of U, and &, in the case of a symmetric algebra has two 
immediate implications: 

(1) By Theorems 2 and 2’ the first and the last irreducible constituent of UU, 
are both § - 

(2) %, has the same multiplicity as irreducible constituent in B, as in Uy so 
that from Theorems 4 and 4’ ¢, = Cx. . 

TuroreM 8. If the algebra a is symmetric, then the first and the last irreducible 
constituent of the indecomposable constituent UU. of R are the same. Moreover 
Ca = Cre for all x, 

The semisimple algebras in algebraically closed fields are symmetric. Let 
a be such an algebra, and 4, €, --:, €, a basis of a. The (reduced) dis- 
criminant matrix D = (S(ee;)):; (where S is the reduced trace of a, that is, the 
sum of the traces of the distinct irreducible representations of a and S(e) is the 
value of this trace for the element ¢ of a) has determinant different from zero.” 
Further from the linearity of S we have D = (2 rinS (¢n)) _ so that by Theorem 

m ij 


1, Cor. 1, D intertwines ® and © and hence transforms ® into S. Evidently D 
issymmetric, so from Theorem 6 the statement follows. 

Again let G, , G2, --- , G, be the elements of a finite group @ of order g and 
suppose G; = E the unit element. Associated with @ we have the group ring T° 
consisting of all elements y = 1G, + a2G. + --- + 2,G, where the 2; are 
elements from a field K. T is an algebra over K, semisimple in the case that the 
characteristic of the field K is relatively prime to g, but not semisimple if the 
characteristic divides g. 

From equations of the form (1) and (2), where the basis elements ¢; are now 
the elements G; of @ we obtain the regular representations R and S of ©. In 


particular, we have 
G:G; = = Ge 


where 
= 1 if G;G; = 


=0 if GG AG. 

Let us consider the hyperplane L consisting of all elements pm x:G; of T with 
0. The commutator element a8 — Ba of where a = ah, B= 
may be expressed as | 

+ a;b; (Sin + 


“Of M. Deuring, Algebren, Ergebn. Math. 4 (1935) p. 33. And in this connection see 
also footnote 16 of N.N. 
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It is easily seen that 6;;1 = 6,1 so that z; = 0 contains a8 — Ba. Again, 
let us suppose x; = 0 contains the right ideal (¢) where £ = }) wiG;. We have 


k#1 


where Gn = Gj’. Requiring that £-G; lies in z, = 0 we obtain um = 0, and 
applying the argument for each G; we see that u; = 0 (¢ = 1, 2,---, g) ie. 
() is the null ideal. 

This proof is still valid in the case that the underlying field has for its char- 
acteristic a prime which divides the order of G so that I is not semisimple. 
As a particular consequence all the foregoing theorems are applicable to the 
representations of finite groups in Galois fields.” 


2° Cf. R. Brauer-C. Nesbitt, On the Modular Representations of Groups of Finite Order, 
Univ. Toronto Studies, Math. Series 4, (1937). 
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NOTE ON SYMMETRIC ALGEBRAS’ 
By Tapast NAKAYAMA AND CEcIL NESBITT 
(Received March 21, 1938) 


In studying the regular representations of algebras R. Brauer and one of the 
writers of the present note introduced recently the notion of symmetric algebras ;? 
an algebra is called symmetric if there exists a hyperplane in the algebra which 
contains all commutator elements ab — ba, but does not contain any right ideal 
(except the null ideal). Let Fi, F2,---, Fx be the distinct irreducible repre- 
sentations of an algebra A, and U,, U2,---, Ui(Vi, V2, ---, Vi) the cor- 
responding indecomposable parts of the first (second) regular representation 
of A The main theorem on symmetrie algebras states that for a symmetric 
algebra U, is equivalent to V.(« = 1,2, --- ,k). However an algebra for which 
U, = V, (for all x) is not necessarily symmetric, 4nd hence it may be desirable 
to obtain a condition which is not only sufficient but also necessary for the 
equivalence of U, and V, (for all «), and which is an immediate weakening of 
that of symmetric algebras. The purpose of the present note is to give such a 
condition ; we shall see that in order that U, and V, be equivalent (for all x) it is 
both necessary and sufficient that in the algebra there exists a hyperplane which 
contains no right ideal (except the null ideal), but contains all elements of the 
form eae;(t j), where € are mutually orthogonal idempotent 
elements with the sum 1 such that the right ideals e;A are directly indecom- 
posable. Furthermore we shall study some elementary problems concerning 
the behavior of symmetric algebras under change and extension of the under- 
lying fields. 
bi are grateful to Prof. Brauer, many of whose ideas we have exploited in the 
ollowing. 


1. Let K be a field and let A be an (associative) algebra (with a finite basis) 
over K. Let a— M(a) bea representation of A (in K) and let m be the cor- 


me Presented to the American Mathematical Society, April 15, 1938. The present formula- 
tion was done by Nakayama. 

*R. Brauer and C. Nesbitt, On the regular representations of algebras, Proc. Nat. Acad. 
Sei. 23 (1937); for a complete account embodying Nesbitt’s thesis (Univ. Toronto) see 
Ann. Math. 39 (1938), pp. 634; for the regular representations of algebras see also T. Naka- 
yama, Some studies on regular representations, induced representations and modular repre- 
sentations, Ann. Math. 39 (1938), p. 361. We refer to these papers as B. N. Proc., N. Th., 
and N. Ann. respectively. 

See the three papers in the footnote 2. 

‘Cf. the forthcoming paper of R. Brauer. 
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responding left representation module’ with a K-basis (uw, ue ptt) Un), 
a(u;) = (ui)M(a); m is the degree of the representation M(a). Consider, 
furthermore, a left ideal 6 of A, and let (b:, be, ---, bn) be a K-basis of 5. 
Take any element w of m. Then the mapping @: b — b-w is an (A-operator) 
homorphism of 6 onto the submodule 6-w of m. If w = >) uimi = (ui)(u,), 
then b-w = (uw, Ue, , Um)M(b)(u), in particular, 


Hence the rank of 6-w with respect to K is equal to the rank of the (m, n) 
matrix’ 


(1) P = (M(bi)(ui), M (b,)(u:)). 


Then the map group 6° = 6-w coincides with the whole of m if and only if P 


has the rank m.’ 
Lemma 1. Let c be a sub-(left) ideal of 6. If there exists an (m, 1)-matriz, 
that is, an m-dimensional vector, (ui) such that 


(2) M(c)(ui) = 0 for all c inc, 


and such that the matrix P (in (1)) has the rank m for this (u;), then the representa- 
tion of A defined by the residue class module b/c, considered as a left representation 
module of A, can be reduced to the form 


Proor. From the above consideration we know that the mapping 8: b — b-w 
with w = (u;)(u:) is a homomorphism of 6 onto the whole of m. Moreover, (2) 
implies c’ = 0. Hence @ induces a homomorphism of 6/c on the whole of m. 


5 We shall call a representation module of A a left or right representation module accord- 
ing as A is considered as its left or its right operator domain. For the fundamental con- 
cepts in the representation theory see for instance, E. Noether, Hyperkomplexe Gréssen 
und Darstellungstheorie, Math. Zeits. 30 (1929) ; B. L. van der Waerden, Gruppen von linearen 
Transformationen, Ergebn. Math. 4 (1935); H. Weyl, Gruppentheorie und Quantenmechanik, 
Leipzig (1928). 

6 In the special case where 6 = A and M(a) is the first regular representation of A defined 
by the basis (b; , --- , bn) of 6b = A the matrix P becomes the so-called parastrophic matrix of 
A. See G. Frobenius, Theorie der hyperkomplezen Gréssen, Sitz. Ber. Berlin, (1903). 

7 If this is the case it follows also that 6 has an element eo such that es = €o (mod C9) 
and (beo , co) = (Aeo, co) = 6, where co is the subideal of 6 consisting of all elements mapped 
onto 0 (the zero of m) by 6, whence 6/eo = m. For 6-w = m implies the existence of an 
element eo such that eow = w. Then (e; — eo)w = 0 whence eg = eo (mod ¢o), and obviously 
(beo ’ Co) = (Aeo ’ Co) = p. 

In particular, if the parastrophic determinant of an algebra A does not vanish identi- 
cally, then we know that A has a right unit element lg. The (right, left)-dual considera- 
tion shows the existence of a left unit element 1, under the same condition, and then 1 = 
lg = 1, isa (unique) unit element of A. This is one of the two main theorems of Frobenius 
concerning the parastrophic matrix of an algebra. The purpose of the present note is to 
refine the other of them. 
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Then p = 6/c has a submodule po such that the residue class module p/p» is 
isomorphic to m. This proves our lemma. 

Lemma 2. Let 6 = Ae be a left ideal of A generated by an idempotent element e 
in A, and let ¢ be a subideal of b. Then the existence of a vector (u;) satisfying 
the conditions in Lemma 1 is (not only sufficient but also) necessary in order that 
the representation defined by b/c can be reduced in the form (3). 

Proor. In this special case every homomorphism of 6 into m can be obtained 
in the manner described above. For, if @ is any homomorphism of 6 into m 
and e’ = w(e m) then @ is given by b — b” = (be)’ = be’ = b-w. Hence the 
lemma is immediate. 

Remark 1. Let 6,, be, --- , 6, denote the residue classes of b, , bo, --- , bn 
(mod c) and let U be a matrix such that (6; , 62, --- , 6,)U is a K-basis of b/c. 
(The number of rows in U is n and the number of columns in U is the rank of 
b/c with respect to K). Then the matrix PU = (M(b;)(ui), --- , M(bn»)(ui))U 
with (u;) satisfying (2) intertwines’ M(a) with the representation defined by our 
basis (b: , bs, --- , bn)U of b/c. Moreover, if 6 is, as in Lemma 2, a left ideal 
generated by an idempotent element, then every matrix intertwining M(a) 
with the representation defined by (6, , --- , 6,)U can be expressed in the 
above form (with a suitable (u;) satisfying (2)). These follow easily from the 
above considerations and the well known correspondence between homo- 
morphisms and intertwining matrices. 


Let us next consider a right representation module n corresponding to our 
representation M(a), and let (v;) be its K-basis such that (v,)a = M(a)(v,). 
Looking upon n as an m-dimensional vector space, consider a hyperplane H in n 
consisting of all elements 


+ + + = (€:)(vi) with 
+ +--+ + = = 0. 


Lemma 3. The condition (2) is equivalent to that the hyperplane H contains n-c. 
The matrix P (in (1)) has the rank m if and only if there is no non-zero element x in 
nsuch that z-6 © H. 

Proor. The first statement is obvious, for (v,)c = M(c)(v,). To prove the 
second one let x = (£;)(v,) be an element inn. That z-6 ¢ H, that is, z-b = 
(§)(v;)b = (€)M(b)(v,) € H for all b in 6 means that (£,)M(b)(u:) = 0 for all b 
in 6, and this is in turn equivalent to (¢;)P = 0. Hence, if P has the rank m, 
t-b CH implies (€;) = 0, that is, = 0. If, on the contrary, P has a rank less 
than m, we take a non-trivial solution (£;) of (¢)P = 0 and put z = (,)(v)). 
Then z-6 © H. These prove our lemma. 

From these lemmas we obtain immediately 

TuroreM 1. Let e be an idempotent element in A, and let ¢ be a sub-(left) ideal 


s Bp the definition of a matrix which intertwines two representations see, for instance, 
Proc. 
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of the left ideal Ae generated by e. Let a — M(a) be a representation of A, and n 
the corresponding right representation module. Then the representation of A 
defined by the left representation module Ae/c can be reduced to the form (8) if and 
only if there exists a hyperplane H in n which contains n-¢ and such that there is no 
non-zero element x in satisfying x-Ae 


2. Let A be again an algebra over K. We assume in the following that A 
has a unit element 1. Let N be the radical of A. A can be decomposed into a 
direct sum of directly indecomposable left ideals Ae; generated by mutually 
orthogonal idempotent elements e; with the sum >> e; = 1, 


A = + Ae + Ae. 
Then 


is a decomposition of A into a direct sum of directly indecomposable right ideals. 
Let U; and V; be the representations of A defined by the right ideal e;A and the 
left ideal Ae; respectively. They are respectively indecomposable constituents 
of the first and the second regular representations of A. The last (first irre- 
ducible constituent” of U,(V;) is unique and is defined by e:A/e:N(Ae,/Ne,). 
Here the irreducible representations defined by e:A/e;N and Ae;/Ne; coincide, 
or are equivalent to each other, and we denote them by F;. If F; is equivalent 
to F,(F; ~ F;), then U; ~ U; and V; » V;. Hence we have the one-to-one 
correspondence between distinct irreducible representations and the distinct 
indecomposable constituents of the first, as well as of the second, regular repre- 
sentation." A is called Frobeniusean if the first and second regular representa- 
tions are equivalent.” As was shown in N. Th. by an example, the indecom- 
posable constituents U; and V; of the first and second regular representations 
corresponding to the same irreducible representation F; are in general not 
equivalent to each other, even if A is Frobeniusean. In the following we shall 
examine the properties of A for which U; ~ V; for 7 = 1, 2,---,1. Let us 
call such an algebra A weakly symmetric. We prove 

THrorEM 2. In order that A be weakly symmetric, it is necessary and sufficient 
that in A, considered as a vector space, there exists a hyperplane H which contains 
e;Ae; for all i, j with i # j, but does not contain any right ideal of A (except the 
null ideal). 


* If A has a unit element 1, then in the special case where e = 1 and M(a) is, as usual, a 
representation whose matrix corresponding to 1 is the unit matrix, the last condition in 
Theorem 1 is equivalent to that H contains no Ae(=A)-right ideal. 

1” The reduction shall always be done in such a manner that the right upper part is 0. 

1! For all this see B. N. Proc., N. Th. and N. Ann. The notation here is the same as 
that of N. Ann. 

2 In order that A is Frobeniusean, it is necessary and sufficient that the parastrophic 
determinant of A does not identically vanish. 
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Proor. i) Let H be a hyperplane in A having the above properties. The 
intersection H ~ eA = e:H is a hyperplane in ¢;A (since H 2 e;A) and does not 


contain any right ideal of A. Moreover, H ~ 2 = Ae;. 
ini ini 
Hence,” applying Theorem 1 toe = 1, ¢ = 2 Ae; and n = ¢:A, we find that the 


representation V; defined by Ae; = A/c can be reduced to the form w 4 


* * 


Since this is the case for all 7, we have U;~ V;. 
ii) Conversely, let A be weakly symmetric. Apply Theorem | again toe = 1, 

c=), Ae;andn =e,;A. It follows that e:A has a hyperplane H; containing 

eA Ae; = > ¢; Ae; and containing no A-right ideal. Let vi (09 = 1,2,---, 

mi) be a K-basis of e;A and let the hyperplane H; be given by the equation 

> tipuip = O where £,, are the codrdinates with respect to v;,. Let then H 


be the hyperplane in A consisting of all elements 
= y Vip with Zz = 0. 
p 


Wehave H = H,and H 2 e;Ae; for alli 7. Furthermore, H contains 
noright ideal of A. For, if r is a right ideal of A contained in H, then er & 
HAe¢A = H;, whence ex = 0. Since this is valid for every 7, we have r = 0. 

These prove our theorem. 

Remark 2. The condition in Theorem 2 may be replaced by the slightly 
weaker one that there exists a hyperplane in A which contains all e;Ae;, with 
P;% F,(i,j7 = 1, 2, --- 1), but does not contain any right ideal of A. One can 
see this easily by applying Theorem 1 toe = 1, ¢ = 3 Ae;andn = eA. (Ob- 


serve that only F; which are equivalent to F; can appear as first irreducible 
constituent of the representation defined by A/c. Further the existence of H 
containing no right ideal secures for us that A is Frobeniusean). The sum of 
these e;Ae; with F; 2¢ F; forms a module q lying in the radical, and it is well 
known that A can be expressed as the direct sum of q and of primary algebras. 
Then our condition reads: There is a hyperplane in A which contains the 
module q but does not contain any right ideal of A. 
; Let ix = 1, 2,---, k) be a subset of the 7’s which correspond to distinct 
imeducible representations. We may then again weaken our condition to the 
form that there is a hyperplane in A which contains all e;, Ae; with F; 2 Fi(x = 
1,2,--.,k;}j =1,2,---,1). This follows immediately by a similar application 
of Theorem 1. 

Furthermore, if we apply Theorem 1 toe = e;, c = 0, and n = e;A, then we 
find that in order that A be weakly symmetric it is also necessary and sufficient 


that there is a hyperplane H in A such that for every 7 = 1, 2, --- , 1 (or, merely 


: Cf. the footnote 9. 
‘Cf. M. Deuring, Algebren, Ergebn. Math. 4 (1935), p. 17. 
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for 7 = a(x = 1, 2, --- , k)) there is no non-zero element x in e;A satisfying 
x-Ae; GH Ae¢H. 

Remark 3. In connection with the above considerations the following fact 
may be of some interest. Let U be an indecomposable representation of an algebra 
A which can be defined by a left ideal Ae as well as by a right ideal e'A, where e and 
e’ are idempotent elements of A. Then, if a representation of A has U as its 
constituent, U is a direct constituent of it; in particular, U can not be a constituent 
of another indecomposable representation. 

To prove this, let a — M(a) be a representation of A having U as its con- 


stituent, 
Gig 
M(a)={* U O 
* * * 


Let m and n be the left and right representation moduli of M(a) respectively. 
Then m has two submoduli mp and m, such that m»/m, is isomorphic to Ae. 
Let u be an element of mo whose residue class (mod mj) corresponds to ¢ by this 
isomorphism. Then Aeu (= Au) must be isomorphic to Ae. Since m has a 
submodule Aeu isomorphic to Ae, the representation M(a) can be reduced in the 


* 
form (: But this means the existence of a submodule t% of n such that 


n/to ~ e’A. Let v be an element of n whose residue class (mod tt) corresponds 
to e’ by the isomorphism. Then ve’A (= vA) ~ e’A and n = (ve’A, mm). Con- 

sidering the ranks of n, mt and ve’A, we see that n is the direct sum of ve’A and 
to. Hence U is a direct constituent of M(a). 

Now, we define, as in B. N. Proc. and N. Th., a ensuite algebra in the 
following manner: A is called symmetric, if ine i is a hyperplane in A which 
contains all commutator elements ab — ba (a, b e A) but does not contain any 
right ideal (except the null ideal). This condition is equivalent to the existence 
of a non-singular symmetric matrix which transforms the first regular representa- 
tion into the second regular representation (defined by the same basis of A). 

Since each element e,ae; in e;Ae; (i ¥ 7) is a commutator e,ae; = eae; — Aejei, 
we have 

TueorEM 3. If A is symmetric, then A is weakly symmetric, that is, Ui ~ V 
for all 7. 

An example of an algebra which is weakly symmetric, but is not symmetric, 


15 R. Brauer has proved a related lemma. 

16 For instance, semi-simple algebras and group rings (of finite groups over any field) 
are symmetric. To prove that semi-simple algebras are symmetric, it may be used that 
their (reduced) discriminants are not zero (cf. N. Th.). This proof fails in the case where 
the underlying field is not perfect (=vollkommen). But this case can be reduced to the 
case of a perfect underlying field by means of Theorem 5 below. 
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is the following: Let A be the algebra of rank 4 with the basis elements 


000 0 0000 
000 0 0000 
00 07 oo 
1000 0100 
0000 1000 
6000 0100 
0010 0001 


where a, 6 are two different non-zero elements in the underlying field K:0 ¥ a # 
840. Then the parastrophic matrix of the algebra A is 


0 0 0 w 
0 O api pe 
0 Bu O ups 


1 Mo 


and this has the determinant 0 as soon as it is symmetric. Hence A is not 
symmetric, but is obviously weakly symmetric. 

Remark 4. In Theorem 2 and 3 we considered only right ideals. But the 
hyperplanes there do not contain any left ideal either. In fact, a hyperplane 
in A contains no right ideal if and only if it contains no left ideal. This is 
immediate since the criterion can be reduced in both cases to the non-vanishing 
of the parastrophic determinant when for the values of the parameters are taken 
the coefficients which define the hyperplane. 


3. Let Ky be a subfield of our underlying field K such that K is of a finite 
degree, say h, over Ky. Then the algebra A can be considered also as an algebra 
over Ky. To distinguish this, let us denote A by A/K or A/K» according as it is 
considered as an algebra over K or Ky. — 

TazorEM 4. A/Ko is symmetric, (or weakly symmetric, or Frobeniusean) if 
and only if A/K is symmetric (or weakly symmetric, or Frobeniusean). 

Proor. Let x, k2, -++ , k, be a Ke-basis of K, and let x — S(x) be the second 
regular representation of K/K» with respect to the basis (x.). Then the trans- 
posed representation S’(x) is the first regular representation of K/Ko with 
respect to the same basis. K/K» is obviously symmetric, hence there exists a 
non-singular symmetric matrix 7’ with elements from Ky such that TS(x) = 
(for all «in K). 

lemma 4. Let m be a left representation module of A/K with a K-basis (u, , 


“Another example will be given in §3. An essential difference between the examples is 
sn the algebra A here remains weakly symmetric after any extension of the underlying 
eld, but the same does not hold for the A in §3. 
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Us, Um) defining a representation a M(a) = (a:;(a))s; of A/K. Then m 
can be considered as a representation module of A/Ko with a Ko-basis (u;x,) 
(@ = 1,2,---,m;o = 1,2, --- , h) and in this sense it defines the representation 
a — (S(ai;(a)):; of A/Ko (of degree mh). If our representation module m is a 
right module, then we have only to replace S by S’. 

Proor. This can be verified easily. 

a) Now let A/K be symmetric. Let a — N(a) = (6;;(a)) and a— M(a) = 
(a;;(a)) be the first and second regular representations of A/K respectively. 
Then the above lemma shows that a — (8’(8;;(a))) and a — (S(a:;(a))) are 
the first and second regular representations of A/Ko. In virtue of our assump- 
tion there exists a non-singular symmetric matrix P = (2;;) with elements from 
K transforming N(a) into M(a). Then 


= 
= 
Hence 
(EZ X = X T) 
= X T) = X 


where E is the unit matrix of order r = (A:K) and E X T is the Kronecker 
product of E and T. The matrix (EZ X T)(S(z;;)) is obviously non-singular, 
and is symmetric too, for 


T)(S(m:;)))’ = X TY = (EB X 
= X T) = 


Therefore, is symmetric. 
b) Conversely let A/Ky be symmetric. Then there exists a non-singular 
symmetric matrix U with elements from Ko such that 


U(S(aii(a))) = (S'(Bis(a)))U, 


whence 
(7) (E X T)*U(S(aii(a))) = X T)*U. 


Lemma 5. (E X T)"U can be expressed in the form (E X T)'U = (S(mii))ii 
for suitable (and uniquely determined) 1;; in K. 

Proor. Let (E X T)"U be written in the form (V;;):; where the Vi; are 
square matrices of orderh. Puta = x (eK) in (7). Since ai;(x) = Bij(x) = 
(Kronecker 6), it follows from (7) that every V;; commutes with S(x). Now, 
the set (Ko), of all square matrices of order A with elements from Ko form a 
normal simple algebra over Ko, and S(x)(x ¢€K) form a subfield of (Ko), with 
degree h over Ky. It is well known™ then that the field formed of the S(x) is a 


18 See, for example, R. Brauer, Uber die algebraische Struktur von Schiefkérpern, Crelles 
Journal, 166 (1932); E. Noether, Nichtkommutative Algebra, Math. Zeits. 37 (1933). 
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maximal commutative subsystem of (Ko), , that is, every element in (Ko), which 
commutes with all S(x) has the form S(x)(reK). Hence V;; = S(z;,) for 
suitable x;;. The #;; are uniquely determined since the representation x — S(x) 
is faithful. 

Now put P = (m,;). Then, converting the whole process in 7, a), one can 
easily see that P is a non-singular symmetric matrix transforming N(a) = 
(8;;(a)) into M(a) = (a;;(a)). Thus A/K is symmetric. 

ii) That A/Ko is Frobeniusean if and only if A/K is so, can be seen in quite a 
similar way as in 7). We have only to drop the symmetry of P, U (and of T if 
we wish). 

iii) If we apply Lemma 4 to Ae; and e;A, then it is also easy to see that A/Ko 
is weakly symmetric if and only if A/K is so. 

Let us next go to another problem which is concerned also with the behavior 
of symmetric algebras with respect to underlying fields. Let L be any extension 
field of K, that is, a field containing K, and let A, denote the algebra over L 
obtained from A = A/K by extending the underlying field to L. 

TarorEM 5. If A is symmetric, then A is obviously so. The converse is also 
true, provided that the field K contains more elements thah the rank r = (A:K) of 
A” A, is Frobeniusean if and only if A is so. If Ax is weakly symmetric, 
then A is so, but the converse is in general not true. 

Proor. The first statement is obvious. To prove the second one, let a; , 
,--- ,a, be a K-basis of A, and let N(a) and M(a) be the first and second 
regular representations of A/K. Consider a system of linear equations and an 
inequality 

= = = 1, 2, --- , 7); det | 0 


forr’ indeterminates z;;. If Ais symmetric, then this system has a solution in 
L. Then it is well known that the system has also a solution in K, provided that 
Khas more elements than the degree of the inequality, that is, r. 

The statement concerning Frobeniusean algebras, whose first half is trivial, 
follows immediately from the well known theorem that two representations 
which are equivalent in an extension field are already equivalent in the original 
field; this theorem can be proved in a similar way as above in the case where the 
original field has sufficiently many elements, but the theorem is, by an argument 
of R. Brauer and E. Noether, valid also in the contrary case.” The first state- 
ment concerning weakly symmetric algebras can be proved easily also by the 
same theorem. That, even if A is weakly symmetric, A z is not necessarily so 
(due to the fact that an irreducible representation in K may be reducible into 
different irreducible parts in L) can be seen from the following example: 


Exampie. Let K be a field such that there exists a separable quadratic 
oy can not now say whether this restriction is material or not. 
See, for instance, B. L. van der Waerden, Gruppen von linearen Transformationen, 
Ergebn. Math. 4 (1935) p. 70. 
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extension field L. Consider the algebra of rank 4 over K consisting of all 
matrices 


B’ a 
where a’, B’ denote the conjugates of a, 8 respectively. A is weakly symmetric, 
as one can easily see. But Az is formed of all matrices 

a 
a, B, Bie L 


Bi @ 
and A , is not weakly symmetric.” 


INSTITUTE FOR ADVANCED STupy. 


21 A is also an example of an algebra which is weakly symmetric but is not symmetric. 
Cf. footnote 17. 
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ON CYCLIC ALGEBRAS! 
By A. ApriaAN ALBERT 
(Received March 14, 1938) 


1. Introduction 


Let an algebra 3 of order n over a field & be a direct sum of a finite number 
of equivalent cyclic fields €;. Then 3 has an automorphism S of order n over 
®. Such algebras are in a sense generalizations of cyclic fields and it is natural 
to define a corresponding generalization of cyclic algebras. It turns out that 
the resulting algebras are normal simple algebras similar to cyclic algebras. 

Put 8, S and 3’, S’ into the same class Y%{ = (3, S) if 3 and 3’ are equivalent 
with respect to a simple isomorphism 


zo, (z in 3, 2’ in 3’) 


such that (2*)’ = 2’*’. We shall call these classes cyclic systems. O. Teich- 
miller’ considered the set >> of all such classes defined by algebras 3 of the 
same order n and defined an operation on >> >> to >>. By the use of certain 
properties of cyclic algebras he proved that >> is an abelian group with respect 
to this operation and that the order of each (3, S) is the degree of the corre- 
sponding cyclic fields €; . 

It is possible to prove the properties of }~ independently of the theory of cyclic 
algebras and we shall give these proofs here. They provide a very elegant basis 
for the corresponding theorems on cyclic algebras. In particular consider the 
case where 3 is a cyclic field of degree n over R, n = qd, ¥ is the subfield of 
degree q over R of 8. Then the author proved’ in 1932 that if (3, S, y) is a 
corresponding cyclic algebra we have 


(3, S, S, 7). 


This result was used by Teichmiiller to obtain a corresponding property of 
(3, 8)’. However while the known proof of the cyclic algebra result is quite 


‘Presented to the Society April 8, 1938. 

* Deutsche Mathematik, vol. 1 (1936), pp. 197-238. He called the algebras 3 cyclic 
normal rings and, while he stated his theorems in terms of such normal rings, he had pre- 
viously defined equivalence in the sense given above. Thus his results really do not con- 
cern 8 but rather the cyclic system (3, S). 

‘In the paper on the construction of cyclic algebras with a given exponent, American 
Journal of Mathematics, vol. 54 (1932), pp. 1-13. In that paper I first reduced the question 
'o the case n = p*, p a prime, and then gave the proof for this case. Later Hasse stated 
and proved the same result for the general n giving essentially the same proof (Math. Ann., 
vol. 107 (1933), pp. 731-760). The result has important applications. In particular see 
the application to theorems on norms in the American Journal paper. 
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complicated and not too natural we shall obtain a very simple proof of the corre- 
sponding theorem on cyclic systems. Our proofs thus provide an elegant new 
proof of the important cyclic algebra theorem stated above. 


2. Algebras with automorphisms 
We shall begin our investigations by discussing some elementary properties‘ 
of algebras with automorphisms. All of our concepts will be defined relative 


to a fixed coefficient field R. Consider an algebra 3 of finite order over & and 
let 3 have a unity element which we designate by 1. Then we call 3 a diagonal 


algebra if 3 = (e:, --- , e:) over & for pairwise orthogonal idempotents e¢;. 


Thus a diagonal algebra over & is equivalent to the set of all ¢-rowed diagonal 
matrices with elements in R, and e; + --- + e: = 1 is then the identity matrix. 
A simple computation shows that the only idempotent elements of a diagonal 
algebra are sums of a finite number of distinct e; . 

An automorphism S over & of an algebra 3 carries any subalgebra % of 3 
into an equivalent subalgebra %*. When S = %* the correspondence b < b* 
defines an automorphism b < b* of 8. We make the 

DeFinition. Let G be a group of automorphisms over R of 3. Then 3 will 
be called @-reducible if 3 is the direct sum 8 ® € with 8 = B*, € = C* for every 
S of G. Otherwise 3 is called G-irreducible. 

We use the terminology S-reducible and S-irreducible when @ = [5S] is the 
cyclic group generated by S. Observe that if J is the identity automorphism 
the concept of I-irreducibility coincides with the classical one of irreducibility.’ 
We now prove 

THEorEM 1. Every G-reducible algebra 3 is uniquely expressible, apart from 
the order of its components, as a direct sum of @-irreducible algebras.” 

The result is well known’ for the case of the identity group and we may write 
G, with G; irreducible. Then also 3 = G --- 
where ©; is equivalent to ©; and hence is irreducible for every S of G. But 
then the G7 coincide with the ©; in some order. If € is one of the G; the alge- 
bras €,C%, .-- , €* are distinct for a finite set of S; of G and G* = C* for 
every S of G. Hence (G*’)* = C** for every S of G, CG] = C* if and only if 
€; is one of the Clearly 


(1) B= GOCCP 


is a G-irreducible component of 3 and 3 = B, @ --- ® &, for unique 6- 
irreducible B; all of the form €;; ® --- ® Gj. 


‘While most of these properties are essentially contained in Teichmiiller’s paper our 
exposition would lose in elegance if we picked isolated results from that paper. Thus we 
shall make our discussion entirely independent of his. 

5 For the concept of irreducibility see L. E. Dickson, Algebren und ihre Zahlentheorie, 
p. 86. 

6 Our result is probably deducible from considerations of groups with operators but is 
most simply a consequence of the well known case @ = [/]. 

7 Dickson, p. 88. 
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TuzorEM 2. Every @-irreducible algebra is expressible as the direct product 
R= € X E with € irreducible and € a uniquely determined diagonal algebra. 
The algebra © is unique in the sense of equivalence. 

For by the proof of Theorem 1 we may write 8 = ©, @ €? @ ... + Gf! 
with ©, irreducible. We let c, range over all quantities of €, and write 


Then the algebra € of all quantities c is‘equivalent to ©, and thus is irreducible. 
Ife, is the unity element of G,, that of 83 and of Cis 1 = e; + ef? + --. 4 eft. 
We write € = (e,, --- , e:') over & and an elementary argument shows that 
3=CxXE. Ifalso3 = G X where is irreducible and = (f,, --- , fr) 
is a diagonal algebra, the idempotents f; are unity elements of the irreducible 
components Gof; of 3 and thus the f; must be equal to the e;, the Gf; equal 
to the Gr’, € = G. Finally the algebras © , G. = Gof;, = Ce, and € are 
all equivalent.* 

Observe that the algebras € and € of our result have the properties € = 
6", € = © for every S of G. Thus every S generates an automorphism Sy 
of € and we may prove 

TurorEM 3. Let 3 be S-irreducible so that 3 = © X &, where € is irreducible 
and € is a diagonal algebra of order t. Then © has an automorphism of order s 
and the order of S in 3 is st. Conversely let 3 = © XK E where € is diagonal of 
order t and © is irreducible with an automorphism of order s. Then 3 is S-irre- 
ducible with respect to an automorphism S of order st. 

For let 3 = ©, © Gf @ --- @ CF’ with ©, = Ge; by the proof of Theorem 2. 
The general quantity of Cisc + ci + --- + and if T = S' the 
correspondence ¢ <> c” defines an automorphism 7’) of © whose order is that 
of the automorphism 7’; induced in ©; by 7. But the order of S is then clearly 


st. Conversely let 3 = € X Eso that if © = (e,, --- , e:) the general quantity 
of 3 is 
(3) = + Cole + + Cree (c; in 


Then if 7’ is an automorphism of order s of © we write 
(4) GS = + + + + 


and see that a<+ a‘ is an automorphism S of 8. Buta = cle, + --- +c7e, 
Shas order st in 8. The assumption that € is irreducible combined with 3 
= Ca, CF = implies that 3 is S-irreducible. 
The order of an automorphism S of an S-reducible algebra 3 is clearly the 
* However while € = we may take € For example let & have characteristic 
hot two, a be a non-square of R, €; = (e:, 7) over R, 7? = ae,. Also let S have order 2, 


Then = © X € = Co X Go where = (1, i + over R, Go = (1, i — 
ower x Go. 
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least common multiple of its orders in the S-irreducible components of 3. 
We shall be particularly interested in a type of algebra 3 of order n over ® 
with an automorphism S of order n over R. This assumption may easily be 
shown not to have the consequence that 3 is S-irreducible. However we shall 
add additional restrictions which imply the truth of this latter conclusion. 


3. Semi-fields 


Let 3 be a semi-simple algebra over &. Then we say that 3 is separable 
(over &) if the scalar extension 3g is semi-simple for every scalar extension 
field over R. It is well known’ that irreducible components of 3 are simple 
algebras 3; each with a centrum &; over & and that 3 is separable if and only 
if the &; are all separable fields over &. 

If 3 is a commutative semi-simple algebra its irreducible components are all 
algebraic fields over and we shall call 3 a semi-field. A separable semi- 
field 8 over & has the property that 3 is a diagonal algebra for an algebraic 
extension & of finite degree over &. 

Derinition. Let 3 be a separable semi-field of order n over R and let S be 
an automorphism of order n. Then we call 3 a cyclic semi-field with generating 
automorphism S if = (e, --- ') over for a field & over and pairwise 
orthogonal idempotents 

Diagonal algebras are trivially cyclic semi-fields. Also cyclic fields are 
known” to be cyclic semi-fields. In fact we may prove the consequent 

THEOREM 4. A semi-field 3 of order n over R is cyclic if and only if it is the 
direct product of a cyclic field © of degree s over R and a diagonal algebra € of 
order t over R such that n = st. 

For let 3 be a cyclic semi-field. If 3 were S-reducible then 3¢ is also S-re- 
ducible with Be = (e, e*, ---,e” '). This is contrary to Theorem 2. Hence 
3 = € X E where € = © and Theorem 3 states that the order of S is the 
order ¢ of © over & multiplied by the order of S‘ in ©. But the order of S 
is equal to the order of 3 over R and 3 = € X G. Hence C is a cyclic field 
with generating automorphism S‘. Conversely let 3 = © X € where € = 
, over and € is cyclic of degree s with generating automorphism 7’. 
The general quantity of 3 is z = ce; + --- + ce; with c; in € and the auto- 
morphism 

228 = + + + 


is an automorphism of order n of 3. There exists a field 2 over & such that 
Gg = (e,e",---,e”” ) and a simple computation shows that 3¢ is the diagonal 
algebra with basal elements the idempotents 


The proof above has the immediate consequences 


Corottary I. A semi-field 3 of order n over & with an automorphism S of 


* Cf. M. Deuring, Algebren, p. 17 and pp. 36ff. 
10 Cf. the author’s Modern Higher Algebra, p. 240, equation (61). 
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order n is a cyclic semt-field with generating automorphism S if and only if 3 
is S-irreducible. 

Corottary II. The direct product of two diagonal algebras is a diagonal 
algebra. 

We also have 

Corottary III. Let 3 be a cyclic semi-field over R and & be any scalar extension 
field of R. Then 3g ts a cyclic semi-field over &. 

CorottaRyY IV. The only quantities of a cyclic semi-field unaltered by its 
generating automorphism S are the quantities of &. 

If X is a subalgebra of 3 with the same unity element as 3 and such that 
% is a field over R we call ¥ a sub-field of 83. Then ¥ = R(x) where x = ce; 
4... +c e:for the c; and e;as above. Clearly f(x) = 0 if and only if f(c;) = 0, 
that is ¥ is equivalent to the sub-fields R(c;) of ©. Moreover € is a subfield 
of 3 of maximal degree and we have 

Corotuary V. The sub-fields of a cyclic semi-field 3 = © X € are all equiva- 
lent to sub-fields of ©. Moreover 3 has a largest sub-field © which is unique in 
the sense of equivalence. 

Derinition. The cyclic semi-fields 3, and 32 are called similar and we write 
3: ~ 3e if their largest sub-fields are equivalent. 

Note that all diagonal algebras over & are similar to &. 


4. Direct products 


We shall consider direct products of cyclic semi-fields and shall use 
TuzorEM 5. A cyclic semi-field 3 with generating automorphism S has a 
normal basis, 


(6) 3B = (u, --- , over 


For 3 = © X € where € is a cyclic field with generating automorphism G, 
€=(¢,--- , e,) for pairwise orthogonal idempotents e;. The general quantity 
of 3 has the form 


(7) + (c; in 
and the generating automorphism S is the correspondence z < 2° where 
(8) 2° = + Coes + + 


Itis known" that © has a normal basis v, v°, --- , v” where s is the degree of 
Cover. Then 3 has a basis 


(9) ve; 
Put w = ve; and see that u® = ver, = veg, --- = 

(10) ut = 


Ibid, p. 201. 


| 
3 
r 
| 
able 
lon 
nly 
all 
raic 
be 
ting 
wise 
are 
the 
E of 
ence 
the 
of S 
field 
nT. a 
uto- 
that 4 


674 A. ADRIAN ALBERT 


Hence (6) holds. 

Let § = 3 X ¥Y where 3 and Y are cyclic semi-fields of the same order n, 
We let 2, 2, --- , 2n be any basis of 3 over R. Then the general quantity of 
& has the form 


(11) a = 4b + --- + Zndn (b; in 9). 
Define 

(12) a +2 

(13) a” = abt + 


Then the correspondences a < a*, a < a” are automorphisms of $ over 
such that the first induces the nhemarahioe, S' in 3 and leaves the quantities 
of 9) unaltered, the second induces the automorphism T’ in 9) and leaves the 
quantities of 3 unaltered. We designate these automorphisms of 3 by S' and 
T’ respectively and note that we are using the notation of the automorphisms 
of the individual factors 3 and 9) for the induced automorphisms of S. With 
this convention we prove 

TuHEorREM 6. Let YW; be the set of all quantities of § = 3 X Y unaltered by 
ST*. Then ST* induces the generating automorphism S of 3, BW, is a cyclic 
semi-field of order n over R with generating automorphism induced by T, and 


(14) ¥=3 xX RB. 
For proof take the z; of (11) to be a normal basis of 3 over &, 2; = zi’. Then 
= abt + tab, =a 


if and only if 
(15) Bae, 


The last n — 1 of these equations determine be , , b» uniquely in terms of b; . 
The first implies only that b; = 07", a consequence of our assumption that 7” 
is the identity automorphism of 3. ‘tenes a is in @&, for any element ; of 9) 
providing that b,, --- , b, are then determined by (15). It follows that BW; 
is a linear set of order n over & and in fact that if y:, --- , yn are a normal 
basis of 9) over R then 

T(n-1)k 


(16) ws” Yit + +: + Yi en 


form a basis of Q;, over R. The defining property of YW, clearly implies that 
QB, is an algebra over R. Moreover (w{”)” = wii), so that 7 induces an 
automorphism of order n in @,. The unity elements of 3, 9, 3 and W: all 
coincide and if %&, were T-reducible there would be an idempotent e ~ 1 in 
such that e = e”. Hence e = e” = e = The only elements 4 
of $ such that a = a* = a’ are elements of & so that ¢ is in R, e = 1, a contra- 
diction. Hence QW; is a cyclic semi-field with (16) as normal basis. 
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To prove (14) we observe that the product linear set 3%, is unaltered by 
every since 3°” = = 8, = Bi“ = There exists a field 
@ over & such that Be and Ye are diagonal. Diagonal algebras have normal 
bases composed of idempotents and we let e generate such a basis of 3e , f of 
Jp. By our proof and (16) the algebra (28;)¢ has a basis 


(17) gi” = fier + + + 


Then (Wi.3)e contains = fie, and hence also (f,¢:)" = fie;. But the fie; 
form a basis of has order n’ over &. Hence has order over & 
and must be $, ¥ = 3 X Ws. We have proved our theorem. 

If 3 = € X & where G is a cyclic field and € is a diagonal algebra we have 
seen that € and € may be chosen so that € = (4, --- , &) with ef = e41, € 
has generating automorphism S‘. We now prove 

TaeorEM 7. Let 3 = € X ©, Y = D XK G, where G& and E have the same 
order t. Then if ©, is the sub-algebra of © X D unaltered by (ST")‘ the algebra 
= X with diagonal of order t. 

Fr 3X X Since S is a generating automorphism 
of € and T of G the subalgebra , of € X G unaltered by S7” has order t 
and is a subalgebra of Y&,. The subalgebra of € X D unaltered by S7" con- 
tains the subalgebra unaltered by (S7")‘ which is © by Theorem 6. Hence 
X (G X &). But © XX © has order n and is contained in QW, of order n, 
GX = We. 


5. Cyclic systems 


The algebras YW, depend not only upon 3 and 9) but also upon S and T. 
To express this dependence we make the 

Derinition. Let 3 and 3’ be cyclic semi-fields of order n with respective 
generating automorphisms S, S’. Then the pairs 3’, S’ and 3, S are called 
equivalent if there exists a simple isomorphism 


zo2' (z in 3, z’ in 3’) 
such that 
8) = @)" 
for every z of 3. 


Thus 8, S and 3’, S’ are called equivalent if the generating automorphisms 
Sand S’ induce each other under a simple isomorphism. It is trivial to see 
that when 3 and 3’ are diagonal of the same order the pairs 3, S and 3’, S’ 
are — equivalent. In fact we have the following simple result whose proof 
Is Obvious. 

TaEoREM 8. Two pairs 3, S and 3’, S’ are equivalent if and only if the corre- 
‘ponding pairs ©, S‘ and S’' are equivalent. 

We put all pairs equivalent to 3, S into a class (3, S) which we shall call a 
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cyclic system of degree n. Then (8, S) = (3’, S’) if and only if (G, S‘) = 
(G’, 8"). Also if (8, S) = (8', S’) and (Y, T) = (Y’, 7’) the corresponding 
systems (2%; , 7’) and (WW; , 7”) of Theorem 6 are equal. We now prove 

TurorEM 9. The set >, of all cyclic systems of the same degree n forms an 
abelian group with respect to the operation” 


(19) (3, S)-(Y, T) = 


The order in p of each system (8, S) is the degree of a largest subfield of 3, and 
the identity element of >. is ¥ = (G, S) where & is diagonal. Finally 


(20) (W_x T) (3, S)*-(Q, T). 


For (19) defines a unique product system. The set of elements of 3 x 9) 
unaltered by ST’ is the same as that unaltered by TS* = (ST~')™ so that 
(3, S)-(Y, T) = (Y, T)-(8, 8). To prove the associative law we let B be a 
cyclic semi-field of order n with generating automorphism U, and prove the 

Lemma. Let % be the set of all quantities of 3 X Y unaltered by ST, B, 
be the set of all quantities of Y& X B unaltered by TU, so that 


%= (2X 9) X B= (BX B) X X (BW X BY = BX (WX 


Then Wp is the set ¥ of all quantities of X unaltered by both ST and TU™. 
For in (3 X W) X & all quantities of both W and B are unaltered by S7™, 
in @ X Ball quantities of Wy are unaltered by TU", Wo < X. Every quantity 


of 2% has the unique form a = ee a;u; with the u; a basis of Wo over K and the 


i=1 
a;in3 X Thena = = if and only if the a; = af” = a7". 
However z” = z, w’ = w for every z of 3, w of %, so that our conditions imply 
that a; = a? = a$"", a; = af = a7, the a;in 3 X W must be in. Thusa 
is in Wo, ¥ = Wo. 

The cyclic system (QW, U) is clearly the product [(8, S)-(Y, T)]-(%, U). 
By symmetry (3, S)-[(Y, T)-(%, U)] = (Ww, U), where Wh is the set of all 
quantities of unaltered by TU~.and SU~*. However we have = (SU ‘) 
(TU")* and Bw = Wo, (Ww, U) = (Wo, VU). This proves the associa- 
tive law. 

The direct product 3 X 2 = 3 X W_, where ST is a generating auto- 
morphism of 3, %8_, has the generating automorphism T. Now (%.1, 7) 
= (8, S)-(Y, T). Assume that (W_a+, T) = (8, S)**-(Y, 7). Then 
(3, S) = (8, ST”), 3 X B_ay = 3B X BW, where (3, S)-(W_a-», 7) 
= T) since ST“ = ST. We have proved that (20) holds. 


2 We call (W_1, 7) the product of (8, S) and (J, T). It is with Theorem 9 that our 
theory diverges from that of Teichmiiller. This is really possible because of our Theorem 6 
which is stronger than the corresponding partial result with k = —1 of Teichmiiller. The 
reader will see, of course, that our proof does not depend at all upon the theory of cyclic 
algebras. 
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We complete our proof by the use of the following simple device. Take 
€ = (fi, -- » fn) over &. Here the f; are pairwise orthogonal idempotent 
elements, we define f, = f, for all integers ¢ = gn + r,0 <r S n and have 
fi= fia. Then the algebra 2, has a basis 


(21) (wi, ,Ws)over® =1,---,n), 
where by (16) with k replaced by —k we have 
(22) W = afi + + + - 


In particular = + + --- + 2nf2 for k = 1 and wi = afi + 2sfn 
4 + Wi = Wir = wy. The correspondence induced hy <> w; 
is a simple isomorphism of Y_, and 3 preserving S and (W_,, 7) = (3, S). 
We have proved that $ = (G, 7) is the identity element of >>. 

Now by (20) (@+, T) = (8, S)*-(G, T) = (8, S)*. It follows that (8, 8)" 
= (W@_,, T). Since ST” = S and € is the set of all quantities of 3 unaltered 
by S we have (8, S)” = (G, 7), (8, S)"™ is the inverse in }* of (8, S), > is 
agroup. It remains to compute the order of the elements of D_. 

By Theorem 7 the algebra W_, = €_, X C_; which is diagonal if and only 
if C, is diagonal. Thus the order of the group element (38, S) is the order 
of (G, 8‘). To compute this latter order we need only show that when 3 is 
afield its degree over & is the order of the group element (8, S). Let then 3 
bea field and m the order of (3, S). Then since (W_,, 7) = (8, S)” we have 
Q_, diagonal. By Theorem 3 the expression of 3 X € as the direct product 
of a cyclic field and a diagonal algebra is unique in the sense that if 3 x € 
= 3: X & then 3; is equivalent to 3 but © = &. Since 3 K E€ = 3B XK Bin 
with W_,, diagonal we have € = W_,, is unaltered by ST”. Now 0 < 
<n and € is unaltered by S and hence by T-”. This is false unless m = n 
since in particular ff = fim = fiifm <n. 


6. Similar cyclic systems 

If (8, S) is a cyclic system we have 3 = © X & where G is a cyclic field with 
uniquely determined generating automorphism S‘. We then write (3, S) 
~ (€, S‘) and say that (3, S) and (G, S‘) are similar. If also (3:, S:) ~ 
Si) = (G, 8‘) we call (8, S) and S;) similar and write S:) ~ 
(3, 8). This notation was also used by Teichmiiller. We now prove 

TuEorEM 10. Let 3 be a cyclic field of degree n. over 8, m be an integer, d be 
the g.c.d. of m and n so that m = ud, n = vd. Then if 9) is the cyclic subfield of 
degree v over R of 3 we have 
(8, 8)" ~ (, 8), 
where d is an integer chosen so that hu = 1 (mod »). 

Observe that the generating automorphism S of 3 induces a generating 
automorphism S in 9), and we use the same notation in both. We first form 
8, 8)" = ,T). The algebra = (w:, w7 , ---, wy”) where, by (22), 


(24) Wifi t+ + + Wfi-o-na, 
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and = + + Z14(a-1)»- Clearly y1, --+ , form a normal 
basis of J) over R; yi = yi. . Every idempotent of 3 X € is a sum of idempo- 
tents of € and a simple computation shows that the only idempotents of & 


unaltered by ST~ are sums of the idempotents g,, gi, , where 
(25) M=fthat--- +fro-na- 
Hence = € X G, G = (MH, 91, over &, € is a cyclic field 


over & with generating automorphism T*. As in the proof of Theorem 3 
we have 


where ©, = Gg; and 7° induces a generating, automorphism So in ©. Thus 
(G, = (Gi, So). But wis in and ( =fi, 


(26) wr = yefi t+ + = Wi. 


It follows that ©, = , ') over (C, So.) = (Y, S) = 
Hence (W414, T) ~ (Y, S), (3, S)* ~ (YX, 8). Also (8, S)” = (8, 
(), S)* where yu is prime to the degree v of ¥). We have reduced the proof of 
our theorem to the case where m is prime to n, and wish to prove that (3, S)” 
= (8, S*) where gm = 1 (mod n). 

We form (3, S)” by forming 3 X G, and see that (3, S)” = (@_n, T). 
Since m is prime to n the integers 1, 1 — m, 1 — 2m, --- , 1 — (nm — 1) mare 
distinct. But these are the subscripts on the idempotents f; of (21), (22), 
and the correspondence w; <> z; induces a simple isomorphism of 3 and W_n. 
Now if gm = 1 (mod n) we have 2 — gm = 1 (mod n), fo-om = fi. Hence 
© = 2). It follows that 7) = (8, S)” = (8, as desired. 

The result above is the one referred to in our introduction. 


7.:The case n = p° 


Cyclic fields of prime power order are usually of particular interest. For 
semi-fields we have 

THEOREM 11. A semi-field 3 of order n = p*, p a prime, with an automorphism 
S of order n is a cyclic semi-field with generating automorphism S. 

For otherwise 3 would be S-reducible and have S-irreducible components 9%; 
= ©; X Geach of order n; <n. The order of an automorphism of a field ¢; 
is at most its degree s; and the order of S in %; is thus at most n;. But S has 
order p‘ so that the order of S in B; is p* <n. It follows that the order of Sis 
the maximum p” < p’, a contradiction. Hence 3 is a cyclic semi-field with 
generating automorphism S. 

It is known” that every cyclic field of degree (order) n = pi! --+ pi‘ over & 
with the p; distinct primes is uniquely expressible as a direct product of cyclic 


18 Cf. Modern Higher Algebra, p. 186. 
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fields of degrees p;* and conversely. By applying this result together with 
Corollary II we have immediately 

TuroreM 12. Every cyclic semi-field of order n = p;' --- pit' over R for 
distinct primes p; is expressible uniquely (in the sense of equivalence) as a direct 
product of cyclic semi-fields of respective orders p;', and conversely. 

The result above may be used to reduce problems on cyclic semi-fields to 
the casen = p’. We shall not do this here but shall continue with the case of 
general order n. 


8. Norms in 3 
Let z be in a cyclic semi-field 3 and define the norm of z to be the product 
(27) Naja(2) = 22°... 2". 


The quantity = + c,e, with the e; pairwise orthogonal idempotents 
such that e; = ef, ef = e;, and hence 
= + e2Nejg(ce) + --- + = No. 


t t(s—1) 
22° eee 2 


But then 
(28) Nai) = NoNo-++ No = in &. 


Hence if y = Ngi9(z) we have y = Ngig(c) forcin ©. Conversely if y = Ng)g(c) 
we take c; = c, G2 = --- = c; = 1 and have (28). We have proved 

THEOREM 13. A quantity y of R is the norm of a quantity z of 3 = € X E 
if and only if y is the norm of a quantity of the cyclic field ©. 


9. Generalized cyclic algebras 


Teichmiiller connected the theory of cyclic systems with that of cyclic alge- 
bras. To do this we first let 3 be a cyclic field of degree n over R with generat- 
ing automorphism S. Then we may define a cyclic algebra 


(29) Q = (8, S, v) 

consisting of all quantities of the form 

(30) Zot + (2; in 3), 
such that 

Bl) = Oink in 3,1 = 0, ---,n — 1). 


a algebras are“ always normal simple over & and are total matric algebras 
Y=1. 

We may now generalize such algebras by allowing 3 to be any cyclic semi- 
field. The resulting algebras arise in a very simple fashion. For we may 


Prove the explicit result 


“Ibid, p. 241. 


\po- 
| 
n 3 | 
of of 
1). 
are 
(22), 
ence 
For 
ism 
ld 
with 
ver 


680 A. ADRIAN ALBERT 


TueoreM 14. Let 3 be a cyclic semi-field with generating automorphism S 30 
that 3 = © X E where € is a diagonal algebra of order t over R with generating 
automorphism S, induced by S, © is a cyclic field with generating automorphism 
Se induced by S‘. Then Q = (8, S, v) if and only if 


(32) QO = (G, Se ’ 7) x (G, Si ’ 7). 


For it is known” that (€, S,, 7) is a total matric algebra for any y = 0. 
Moreover JR = (G, Si, vy) has an ordinary matric basis e;; with e;; = e; where 
e; = e211, € = (e:, --- , e:). We let yo be the quantity y of (30), (31) for the 
algebra (€, Se, y) and set 


(33) Y = + + + Yor. 
Then y is in the algebra I X K[yo]. The general quantity of oA =€x€ 
has the form z = ce, + --- + cre: for ¢; in € and = Ce 4 + 


But ye; = je = teat = zy, = 28 y' = j,y" A 
trivial computation shows that the set of all quantities (30) has order n’ over &, 
(G, Se ’ 7) x (G, Si, 7) (3, S, 7). Conversely if = (8, 8, we form 
(€, Se, vy) X (G, Si, y) and obtain an algebra equivalent to O. 

Thus every generalized cyclic algebra is a normal simple algebra similar to an 
ordinary cyclic algebra. If 0; and Oe are twd generalized cyclic algebras the 
meaning of Q; ~ Ozis the usual one for normal simple algebras. We now have 
the following extensions of corresponding results on ordinary cyclic algebras. 

THEOREM 15. The algebra (3, S, 1) is a total matric algebra. 

For (8, S, 1) ~ (G, S‘, 1) where € is a cyclic field and as we have said (G, 
S‘, 1) is a total matric algebra. 

THEOREM 16. The algebra 3 is a maximal commutative subalgebra of (3, S, y). 

For let az = za for every z of 3. We write (8, S, < Mm x (C, S‘,v) where 
M is a total matric algebra with a basis e;,(i,7 = 1, ---,2). Thena= >, aijei; 
with e;; in (€, S‘, y). Now ac = ca for every c of 6, - (aizce — cax;)ei; = 0. 
It follows that the a;; are each commutative with every c of €. Since © is 
known” to be maximal in (G, S‘, y) we have the a;; in ©. Thus a is in the 
algebra I over € and is commutative with all of its diagonal matrices, the 
elements of €, a must be diagonal, a is in 3. 

By the use of Theorems 15, and 16 we may. prove 

TuEoreM 17. The algebra (3, S, y) is a total matric algebra if and only if 
y = Najg(z) for z in 3. 

However the result also follows from Theorems 13, 14. For (3, S, vy) ~ 
(G, S‘, y) is a total matric algebra if and only if y = Ngjg(c), cin ©. But this 
result is equivalent to that of Theorem 17 by Theorem 13. 

By replacing y of (30) by y* for X prime to n we replace y by 7’, S by S’ and 
retain all our properties of OQ. This gives 


15 Loc. cit., pp. 91, 92. 
16 Loc. cit., p. 243. 
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TuxoreM 18. Let d be prime ton. Then (3, S, y) = (8, S*, 

Theorem 16 also has the immediate consequence 

TazorEM 19. The algebra (8, S, vy) = (8, S, 5) of and only if 6 = yNg)9(z) 

or zin 3. 
. Corottary. (8, S, vy) = (8, S, 5) of and only if = yNg 9(c) for c in the 
maximal cyclic subfield © of 3. 

Cyclic algebras are not defined in terms of cyclic fields but rather in terms 
of given cyclic systems. That this is true is evidenced by Theorem 18 and also 
by the notation (8, S,). We shall simplify the writing of some of our theorems 
by introducing the notation 


(34) OQ = (a, y) (y Oin 8), 


for the algebra Q = (8, S, vy), A = (8, 8). Thus if € is a diagonal algebra of 
order n so that $ = (G, S) is the identity of the group of cyclic systems of 
degree n the algebra (3, y) is a total matric algebra for every y ~ 0 in &. 


10. Applications of theorems on cyclic systems 


The result given by Theorem 14 was obtained by Teichmiiller and expressed 
in the form 

TueorEM 20. Let A ~ B. Then (A, vy) ~ (%, vy). 

Teichmiiller also proved the important 

THEOREM 21. Let & and & be cyclic systems of the same degree. Then 


(35) (A, X (B, vy) ~ (A-B, 7). 


We may prove this result as a consequence of the more general” 

22. (9%, 7) X (®, 6) = vo") X (A-B, 4). 

For if we put y = 6 in Theorem 22 we obtain the total matric algebra (%, 1) 
and have Theorem 21. To prove Theorem 22 let & = (3, S) and as in (30), 
(31), define y in (M, y) such that yz = zy for every z of 3. Similarly let 8 
= (¥, T) and j be in (%, 5) such that jv = v’j for every v of B. Then 3 xX B 
= 3 X BW, where A-B = (Wi, T). Now OQ = (A, v) X (B, 4) contains the 
algebra Q, = (3, ST’, y5") generated by 3 and yj and also the algebra 
Q: = (W, T, 5) = (A-B, 4) generated by W_, andj. Clearly every quantity 
of OQ, is commutative with every quantity of OQ: and a simple computation shows 
that the only quantities of & commutative with every quantity of OQ, are those 
of Q:. Since Q, is normal simple, Q = OQ; X Qe as desired. 

The following result is an immediate corollary of Theorem 21. 

THEoREM 23. y)™ ~ 7). 

In considering the direct powers of (2, y) we may use Theorem 20 to reduce 
the study to the case where % = (3, S) with 3 a field. Hence & has degree 
and order n and we apply Theorem 10 to Theorem 18 and obtain 


For an analogous result for the case where n is a power of the characteristic p of 
see E. Witt, Journal fiir Mathematik, vol. 176 (1936), pp. 126-140, p. 138. 
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TuroreM 24. Let % have degree and order n and let u be prime to n, du = 1 
(mod n). Then 7) = 
‘ We next apply Theorem 10 to Theorem 23 to obtain the principal result 
TuroreM 25. Let d be the g.c.d. of n and m = ud, A = (3, S) be a cyclic 
system of degree and order n = dv over 8, ¥) be the cyclic subfield of 3 of degree » 
over R. Then 


(36) (2, 7)” ~ v) 


where = S*), = 1 (mod »). 

We may also prove 

TuHeoreM 26. (%, 7) X (2, 6) ~ (, yd). 

For by Theorem 20 it is sufficient to consider the case AY = (3, S) with 3 
a field. Take » = n — 1 in Theorem 24 and have \ = —1, (%, 6) = (A"", 
6"). Then (%, vy) X 8) = X (A"", Apply Theorem 22 to 
obtain (%1, X 8) = v8) X ~ (A, 78) since X" = 3, 7) 
is a total matric algebra. 

As a final consequence we have 

THEOREM 27. Let 9) be as in Theorem 25. Then 


(3, S, X (Y, S, 6) ~ B, S, 76"). 

For (9), S, 8) ~ (8, S, 6)? ~ (8, S, 8°) by Theorems 25 and 26. It follows 
that (3, S,v) X (, S, 6) ~ (8, S,v) X (8, S, 8) ~ (8, S, v5") by Theorem 26. 

In closing observe that we have proved certain theorems on cyclic algebras 
as a consequence of Theorems 20 and 21 and our theorems on cyclic systems. 
Teichmiiller worked in the converse direction and only succeeded in proving 
his results by the use of the following rather ingenious device. Let & be an 
indeterminate over R, Q = K(E), Wo designate the cyclic system (3a, S). Then 
(Mo, €) is a total matric algebra if and only if 2 has order unity, that is, 3 is 
a diagonal algebra. It follows that (&, %o) X (, Ba) ~ (&, Ga) if and only if 
€ = %-B. Teichmiiller was then able to base his proofs of the properties of 
cyclic systems upon the equivalent ones of cyclic algebras. 


THE UNIVERSITY OF CHICAGO. 
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ON A GENERALIZATION OF KALUZA’S THEORY OF ELECTRICITY 


By A. P. BerGMaNnn 


(Received April 8, 1938) 


INTRODUCTION 


So far, two fairly simple and natural attempts to connect gravitation and 
electricity by a unitary field theory have been made, one by Weyl, the other 
by Kaluza. Furthermore, there have been some attempts to represent Kaluza’s 
theory formally so as to avoid the introduction of the fifth dimension of the 
physical continuum. The theory presented here differs from Kaluza’s in one 
essential point; we ascribe physical reality to the fifth dimension whereas in 
Kaluza’s theory this fifth dimension was introduced only in order to obtain 
new components of the metric tensor representing the electromagnetic field. 
Kaluza assumes the dependence of the field variables on the four coérdinates 
z',2°, 2°, « and not on the fifth codrdinate z° when a suitable codrdinate system 
is chosen. 

It is clear that this is due to the fact that the physical continuum is, accord- 
ing to our experience a four dimensional one. We shall show, however, that 
it is possible to assign some meaning to the fifth codrdinate without contradict- 
ing the four dimensional character of the physical continuum. 

In the first chapter of our paper we present Kaluza’s original theory; in 
the second, its new generalization. This is done in order to make the reading 
easier. 

In the appendix we simplify the derivation of the field equations by generaliz- 
ing the tensor calculus for the case of tensor densities. 


I. Toe Katuza THeory! 
1. We consider a five dimensional space (4 + 1 dimensions) with the metric 
(1) do” = y,,dx"dz’. 
2. We assume that the space is “cylindrical” with respect to a definite vector 


feld. Analytically this means: There exists a contravariant vector A” so that 
if ris an infinitesimally small constant, then 


(2) = 7r-A” 


is an infinitesimal displacement of the space points. The element must not 


‘Contained in part in Q. Klein, Zeitschrift f. Phys., 37 (1926), 895-906, A. Einstein, 


eo d. Preuss. Akademie d. Wissenschaften, Physik.-mathemat. Klasse, 
» 23-30, 
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change its length given by (1) if its endpoints are displaced according to (2). 
This is expressed by the equation: 


(3a) + + = 0. 

The invariant character of this equation can easily be shown. Putting 
(3b) = Ay, 

we get 

(3c) + — + — = 0, 

or 


where I, are the Christoffel symbols of the second kind. Or, in the language 
of the absolute tensor calculus we have: 


(3) Ag + = 0. 


It follows from (3) that y,,A"A” (that is the norm of A”) is constant along 
the lines to which A’ is a tangent. By multiplying (3) by A“A’ we obtain: 


(4) A’A*A,:, + = A’(A"A,), = 0. 


3. Kaluza’s theory imposes another property on the vector field A“, besides 
the one expressed in (3): The lines to which the A” are tangents—the ‘‘A-lines” 
—have to be geodesics. Analytically this means: The lines defined by 

dx” 
5 —— = 
(5) do 
(where 1/” is equal to the norm of A) satisfy the equation 


dx’, _, dx® 


6 
“8 do do 


or, according to (5): 


dln 


+ = 0. 


(6b) 


of the norm of A in the direction of A). Therefore: 


.A* is the derivative of a function 


The first term vanishes because of (4) ( 


(6c) A*A;. = 0, 


2? Killing’s equation. 
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or 
(6d) = 0. 


From (3) follows: 
(6) A*A = 0. 


This means that the norm of A is constant not only along the A-lines but in 
the whole space. We characterize, in this way, the space structure in Kaluza’s 
theory. 

Remark: From the “cylindrical” character of the space there follows the 
existence of a vector A the symmetrical derivatives of which vanish. But there 
remain the antisymmetrical derivatives of A, which represent, in Kaluza’s 
theory, the electromagnetic field. 


The Special Codrdinate System 


We consider a four dimensional surface cutting each of the A-lines once 
and only once. We introduce on this surface 4 coérdinates x* (a = 1 --- 4) 
and assume 2x” equal zero on this surface. Through each point of the surface 
passes an A-line on which one of the two directions is chosen as positive; this 
choice is to be the same on all A-lines. As 2°-codrdinate we choose the distance 
along an A-line calculated with the help of (1), starting from the original four 
dimensional surface with z° = 0, the chosen direction determining the sign 
of x. 

Therefore, on the 2°-line: 


(7a) = [ V a2", 
and therefore in the whole space, 

(7) Yo = 1. 

As the absolute value of A is always 1, we have 
(8a) yoA°A® = 1, 

or, 

(8) = 1, 


since, because of the choice of our codrdinate system, A’ = A® = A* = A‘ = 0. 
From this and (3a), expressing the condition of eylindricity, we have 


(9) 
As generally 


Yur0 = 0. 


A, 
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we have in the special coérdinate system, 
(10) Am = Yom, Ao = Yo = 1. 


None of the components of A, depend on x” because of (9). Therefore in the 
antisymmetrical derivatives 


Aw = Ay,» 


all components bearing one index zero vanish identically. 

In our special coérdinate system the space structure is described by 10 func- 
tions Ymn and 4 functions Yom(= Am), which do not depend on 2°. (Here and 
later the latin indices run only from 1 to 4.) This is, therefore, a four dimen- 
sional description of the space. But the variables introduced are not, from 
the point of view of our description, the most natural ones, as will be shown 
soon. 

We ask: What coérdinate transformations are still allowed preserving our 
special coérdinate system? 

a. The codrdinates x* have been chosen arbitrarily on the four dimensional 
surface (with 2” = 0). Therefore the following transformation is still allowed: 


(11) 


We call it the Four-transformation. 

b. The four dimensional surface (with z° = 0) was chosen arbitrarily. It 
can be replaced by another surface without changing the x*-codrdinates corre- 
sponding to the A-lines. The appropriate transformation is: 


= 


# = 2° 4 f(r’... x’). 
We call it the Cut-transformation. 
The Ymn behave, with respect to a four-transformation, as a four dimensional 


tensor and A,(= yon) as a four-veetor. With respect to the cut-transformation 
we have 


(12) 


af 
13 n= = 
(13) A A sae 

of of af of 
(14) ax” Yn ox™ Ox" 


Instead of the ym, which are not invariant with respect to cut-transforma- 
tions (according to (14)) we introduce new functions gmn by the following con- 
sideration: Let two infinitesimally close A-lines L and L’ pass through two 
infinitesimally close points P and P’. There exists between L and L’ an 
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extremal distance because of the existence of a metric. This distance is deter- ! t 
mined by 
(15) Jur = — A,A,. 
e The g,» defined in this way are components of a five dimensional tensor. In ; 
the special codrdinate system only those of its components which have no zero b 
index do not vanish, i.e. the gm, are its only components. The gm, behave i 
like a four dimensional tensor with respect to the four-transformation and are 
invariant with respect to cut-transformations. K 
0. It is, therefore, quite natural to choose Jmn and A,» as field variables in i 
id the special codrdinate system; the gm, are the components of the physical ky 
™ metrical tensor. The antisymmetrical derivatives of A», that is Ann — 
m A,,m, are invariant with respect to the cut-transformation, but not the com- 
mn ponents A» themselves. This corresponds to the fact that the electromagnetic Kk 
potentials are defined only up to additive terms which are gradients of an arbi- 
ur trary function. | 
This result can be summarized: The five dimensional space structure is 
al equivalent to a four dimensional one with a metric (gm,) and a vector field , 
d: (Am), determined only up to an additive arbitrary gradient. 


Kaluza’s roundabout way of introducing the five dimensional continuum 
allows us to regard the gravitational and electromagnetic fields as a unitary 
space structure. This result is essential. At first sight it could be argued: 
Is it really a step forward to introduce a five dimensional metric and a vector 
for which we assume some arbitrary restrictions instead of a four dimensional 

It metric and a four-vector? But to be just to Kaluza’s theory it should be born 

re- inmind that the one really arbitrary step is taken only when the five dimensional 
representation of the four dimensional space is assumed. If, however, this is 
done, then the introduction of a five-vector is merely a consequence, necessary 
because of the four dimensional character of the empirical space. The repre- 
sentation of the electromagnetic field by a potential vector, achieved in this 
way, is certainly not a trivial result. 


nal But apart from this point, the result is rather disappointing. Kaluza’s aim 

on was undoubtedly to obtain some new physical aspect for gravitation and elec- 
tricity by introducing a unitary field structure. This end was, however, not 
achieved. 


The field equations of the theory can be derived for instance with the help 
of a variational principle. This means a choice of an action function §, which 


must be a scalar density, i.e. F -§ must be an invariant with respect to the 


four- and cut-transformations. Therefore, in our special coérdinate system, 


na- the invariant has to be formed of the Jmn and A» as well as of such derivatives 
on- of these quantities which do not change if Am is replaced by Am — af/az™. 
pi We can conclude, therefore, that A, can enter the action function only through 


their antisymmetric derivatives. If the Hamiltonian © has to contain only 


| 
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second derivatives of the potentials gmn , Am, or expressions of the second order 
containing only first derivatives, then the most general action function jis of 
the form 


(16) = Vg(R + ¢-M), 


where R is the curvature invariant and M the Maxwell invariant. 

Many fruitless efforts to find a field representation of matter free from singu- 
larities based on this theory have convinced us, however that such a solution 
does not exist.’ 


II. GENERALIZATION KaLuza’s THEORY 
General Remarks about the Space Structure 


If Kaluza’s attempt is a real step forward, then it is because of the introduc- 
tion of the five dimensional space. There have been many attempts to retain 
the essential formal results obtained by Kaluza without sacrificing the four 
dimensional character of the physical space. This shows distinctly how vividly 
our physical intuition resists the introduction of the fifth dimension. But by 
considering and comparing all these attempts one must come to the conclusion 
that all these endeavors did not improve the situation. It seems impossible to 
formulate Kaluza’s idea in a simple way without introducing the fifth dimension. 

We have, therefore, to take the fifth dimension seriously although we are not 
encouraged to do so by piain experience. If, therefore, the space structure 
seems to force acceptance of the five dimensional space theory upon us we must 
ask whether it is sensible to assume the rigorous reducibility to four dimensional 
space. We believe that the answer should be “no,” provided that it is possible 
to understand, in another way, the quasi-four dimensional character of the 
physical space by taking as a basis the five dimensional continuum and to 
simplify hereby the basic geometrical assumptions. 

To make the underlying ideas clearer we consider a two dimensional space 
(instead of the five dimensional one), that is approximately a one dimensional 
continuum (instead of a four dimensional one). 


# 
t 
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5 We tried to find a rigorous solution of the gravitational equations, free from singulari- 
ties, by taking into account the electromagnetic field. We thought that a solution of 4 
rotational-symmetrical character could, perhaps, represent an elementary particle. Our 
investigation was based on the theory of “bridges” (Einstein and Rosen, Phys. Rev., 48: 
73 (1935). We convinced ourselves, however, that no solution of this character exists. 
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The space considered i is the narrow strip limited by the lines ST and S’T", 
The codrdinates are x and zx’, and, for the sake of simplicity, the Euclidean 
character of the space is assumed. We imagine the strip curved into a tube 
so that ST coincides with S'T’. Every point P on ST coincides in this way 
with a certain point P’ on S’T’, so that a small cylindrical surface is formed. 
If the width of the strip, that is, the circumference of the cylinder (denoted by b), 
is small, and if a continuous and slowly changing function ¢(z°, 2’) is given, 
that is if b-d¢/dx* is small compared with g, then the values of ¢ belonging 
to the points on the segment PP’ differ from each other very slightly and ¢ 
can be regarded, approximately, as a function of z' only. This reduction of 
the number of dimensions of the space was achieved because the space is closed 
in the z’-dimension and the “width” is very small. But this quasi-one dimen- 
sional character of the space does not exist if the function ¢ varies too rapidly. 

The assumption concerning the Euclidean character is certainly unessential 
for our consideration. It may be essential for our argument that some metric 
is assumed so that it is possible to speak of a circumference in the 2°-direction, 
but in any case we are interested only in spaces with a Riemannian metric. 

It is more convenient to consider, in the following, instead of a space “‘closed”’ 
in the z°-direction* a space “periodic” in the x°-direction. The “periodic” and 
the “closed” character are equivalent if the corresponding points P, P’, P’”, -- - 
are regarded as ‘“‘the same’”’ point. 

By putting in our picture the four dimensional continuum 2' --- 2‘ instead 
of the one dimensional continuum 2’ we obtain a model of the physical space 
which will form the basis of our future considerations. 

The most essential point of our theory is the replacing of the hypothesis 2, 
of rigorous cylindricity by the assumption that space is closed (or periodic) in 
the z"-direction. 


_ The Space Structure 


We shall chaveabion the space according to our previous remarks concerning 
the modified form of Kaluza’s theory. 

1. We consider a five dimensional space with the metric (1). 

2. The space is closed with respect to one dimension. This closed space will 
be represented by a space which is open and periodic with respect to this di- 
mension. A point P of the physical wo 0 will, therefore, be represented by an 
infinite number of points P, P’, oe 


— This postulate replaces the cylindricity condition in Kaluza’s orig- 
inal theory. 


3. Through every space point there passes a geodesic line closed in itself and 
free from singularities. Or, formulated for the “periodic” space: If two points 


‘FP corresponding to each other, but otherwise arbitrary, are connected by 


‘This expression is not quite clear but it may be used here in a chapter aiming only at 
4 general orientation. 


gu- 
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the geodesic line,” then this line aiso passes through all other points corresponding 
to P, i.e. through P’”’, P’” etc. 

This axiom is analogous to the axiom 3. of the original Kaluza theory. The 
geodesic lines introduced here correspond to the A-lines in Kaluza’s theory and 
we shall again call them the A-lines. 

We again introduce the special codrdinate system. We consider a four 
dimensional surface z° = 0 cutting all A-lines once and only once. The four 
coordinates x’ --- 2x‘ on this surface determine a point on this surface as well 
as an A-line through this point. Any point P on this A-line is determined by 
the distance (measured along this line with the help of (1)) between P (that is 
the intersecting point of the A-line and the surface z” = 0) and P. For points 
on the “positive” side of the surface z” = 0 we have 


P 
(17) ge i an, 
where b is 
(17a) b= J de. 


Here P, P’ are two corresponding, consecutive points lying on the A-line. 
Therefore, b depends on z' --- z* only. By this convention the difference of 
the z°-codrdinates of two corresponding, consecutive points (which, of course, 
lie on the same 2°-line) equals 1. 

By the assumptions thus made five codrdinates z°, z' --- 2x* correspond to 
every space point. 

Lines with constant 2’ .-. 2‘ are geodesic lines. On these lines we have: 


Therefore, the equation of the geodesic line gives 

(18b) Too = 0. 

From this follows: 

or 

(18d) Yo,0 = 0 

and 

(18) 2720.0 — = 0. 


5 We do not consider the existence of more than one geodesic connection. 
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Equation (18d) does not contain anything new because we have on the A-lines: 


(19a) do’ = b'dx” 
and 
(19) =v 


which is independent of 2°. 

We integrate (18) over one period along the A-line. The integral of the first 
term on the left hand side in (18) gives zero because of the periodic character of 
the space. Because of (17) and (19) we obtain: 


20) aa? = [ach = 2.0 =0 
( ax* Jp, Jp 


Therefore b and Yo are independent of x’ .-- x* too, i.e. constant in the whole 
space. We may write: 


(21) 


In a strict sense we were not justified in choosing the value for yoo as we have 
already chosen the codrdinate difference Az’ of corresponding, consecutive 
points to be equal 1. We take this fact into account by putting Az’ not 1, but 
some small quantity }. Then, because of (21), \ is simultaneously the metric 
distance P’P’’. 

Furthermore, from (18) follows because of (21) 


22 ae = 0. 
(22) ax Yao 0 
Therefore, in the generalized theory also, the ya (but not the ya) are inde- 
pendent of z°. We can introduce, in the generalized theory as well as before, 
the field of contravariant unit vectors A” the components of which are, in the 
special codrdinate system, 0, 0, 0,0, 1. Therefore again 


(22a) Ag = = Y0a- 
We can also introduce as the metric tensor instead of the 
(23) Jap = Yap — AaAg, 


of which only those components which have no index zero do not vanish. There 
exists, in this sense, here also a four dimensional metrical tensor gas. Its 
components are, however, in general periodic functions of x°. The whole difference 
between the new theory and Kaluza’s lies just in this fact. (A, in both theories 
do not depend on 2°.) 

Having characterized the space structure we shall turn later, after some 
mathematical preparations, to the formulation of field equations which can be 
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derived from a variational principle in the space considered. We shall again 
demand that the Hamiltonian be composed additively of terms containing 
either second derivatives (linearly) or products of two first derivatives. 


Tensor Analysis with Respect to the Special Codrdinate System 


From our definition of the special coérdinate system it follows that again 
there exists the freedom of “four-transformations” and “cut-transformations.” 
In order to avoid the formal difficulties of general codrdinate systems we have 
to investigate the transformation properties of the quantities formed with 
respect to the four- and cut-transformations. Definition of the contravariant 
four-vector: Four quantities a’ (being functions of a’, x... a") form a contra- 
variant vector if, with respect to four-transformations, the following transfor- 
mation law is valid: 


(24) a= 


and if the a’ are invariant with respect to cut-transformations. The definition 
of a covariant vector is quite analogous. The definition of a tensor also follows 
from this. 

Therefore gmn is a tensor. However Am(= Yom) is not a vector as the com- 
ponents transform, with respect to a cut-transformation, according to (18). 
The Amn = Amn — An,m are, however components of a tensor. 

The tensor algebra is the same as the normal four dimensional one and does 
not need to be carried out here. 

We now direct our attention to the formation of new tensors by differentiation. 

1. For both four- and cut-transformations we have 


0 
2 SS 
az ax® 


Therefore: From every tensor a new one may be formed by differentiation with 
respect to a’. 

2. Covariant differentiation with eee to x*: If y is a scalar then we have 
for cut-transformations: 


_ From this equation and (13), by eliminating fa, we get that 


oy 
axe Aa 


is invariant with respect to the cut-transformations. Therefore the operator 


(26) (2-44), 
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acting on a tensor, leaves its components invariant with respect to cut-trans- 


formations. 
On the other hand, we know from the absolute differential calculus that the 


expression 
(27a) + (Qms.a + Jam,» — Jas,m) 
(B, being an arbitrary covariant vector) has a tensor character with respect 


to four- (but not cut-) transformations. By replacing 3 in this expression 


everywhere by the operator (26) we add new members which again have a 
tensor character with respect to four-transformations, this being true for B,.o , 
Qnno, As. The expression obtained in this way certainly has a tensor char- 
acter with respect to four-transformations. Since it is also invariant with 
respect to cut-transformations it satisfies our definition of a tensor. 

We can, therefore, define an invariant differentiation in the following way: 


(27) Bya = Bea — — 
where 
(27b) = 39°" — AaGms0) + — AsGma0) — (Gasm — AmGJas,0)]. 
In an analogous way we have for a contravariant vector with the same I’, : 
(28) BL = Bi — AgBo + BT 


From this a corresponding rule for more general tensors follows immediately. 
The absolute differentiation defined thus satisfies the rule of differentiation of 
products. 

By straightforward calculation one obtains 


(29) = 9” = 

3. The curvature tensor: By a straightforward calculation we find: 
(30) Beas — Baia = —Bi Ris — 
where 


(30a) Riss = (Tan — AT a0) — (Mee — 0) — + 


From (30) follows, because of the tensor character of the last term, that R’.a 
is a tensor (the curvature tensor) which is antisymmetric with respect to its 
last two indices. 


4. The commutation rule for the operators “” and “;.” is 
(31) (Um,0);a = (Uma) = Us 


The derivatives of the I’, with respect to z° have, therefore, tensor character 
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Variational Principle and Field Equations 

Starting from the formalism developed here we shall formulate the most 
general field equations satisfying the following conditions: 

1. The field equations should be derived from a variational principle; 

2. The action function should consist exclusively of terms containing either 
second derivatives linearly or products of two derivatives of the first order. 

These are the tensors from which such an action function could be built 
algebraically: 


Some of the invariants formed from these tensors can, by partial integration 
of the Hamiltonian integral be reduced to the others. There remain only the 
following invariants which are, in this sense, independent of each other: 


H= Riimdig’” Ring” = Rk, H AmAug™ 9g” 


(32) mn mn rs 
H= J 09mn,0; H = G9 YJmn,oJ Yrso- 


3 
The most general variational principle, satisfying our conditions formulated 
above, is therefore: 


(33) 6 dz’ dz’ dx* = 0, + all + aH + all), 


where a --- @ are arbitrary constants. The variation’ has to be carried out 
1 4 


with respect to the g”” and the A,. The integral should be taken over an 
arbitrary world region of the codrdinates z' --- 2* and over one period of the 
coordinates x’. The latter restriction is necessary because the 6A, must be 
chosen independent of x°. (Compare (22)). Therefore the contributions from 
the boundary of the region do not enter into the usual operations performed 
on the action function only if the integral is taken over exactly one period of 


xz. The calculations, which may be performed with the help of the methods 
quoted in the appendix, give: 


+ Tino — dz’ da’, 


(34) — de’ 


| Gaz’ = [—2git,.00 + 29” — 9" GrsoGkt.0 
4 
— 39" 09rs.09xil -g ... &, 
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Here the ég"' are arbitrary functions of the codrdinates 2°... z*. The sum 
of the coefficients of ég*', multiplied by their a, must, therefore, vanish. How- 


ever, the 5A, are, as we mentioned before, functions of z' -.- z* only, but inde- 

pendent of 2°. Therefore, in this case, only the integral of the sum of the 

coefficients of 5A, , (multiplied by their a), taken over one period of 2’, vanishes. 


The fourteen field equations derived in this way from the variational principle 
(33), take the form: 


+.4Ru — + a(2A im Ar” — $9%1AmnA”") + 
1 


(35) + a(— + 29” — 9" — + 


+ gmn.o)” + + 0 =0= Gir, 


36) | Tins) — 405! de? = 0 = da 


Finally we shall derive the identities which the field equations satisfy. As 
it is customary, we shall find these identities by expressing analytically the 
invariance of the Hamiltonian integral with respect to an infinitesimal coérdi- 
nate transformation. If we introduce for g”" and 6A, the variations produced 
by an infinitesimal coérdinate transformation, then the variation of the integral 
vanishes. It should be noted that the variation is not to be carried out with 
the space points fixed, but with the codrdinate values fixed. Denoting the 
infinitesimal coérdinate transformations by 


(7a 
r= P+ #) 


we obtain for 6g”” and 6A, : 


—g" = + + of", 
5A, + + A,,é’. 


These expressions can easily be brought into a form revealing more clearly their 
tensor character: 


6A, = + + At’. 


The expression (A,é” + £°) is an inner product of two five dimensional vectors, 
therefore a scalar. After performing some partial integrations (using the 
methods explained in the appendix) we obtain: 


(87b) 
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As are arbitrary functions of z' .-- 2*, but independent of the integral 


(37d) will vanish identically if and only if the integrals of the square bracket 
expressions over one period of x’ equal zero: 


2 | + Au 0, 


These are the identities of the field equations (35), (36). 
The theory involves four universal constants, a/a, a/a, a/a,. The con- 


(37) 


stant a/a corresponds to the gravitational constant involving a connection 
2 


between the (arbitrary) units of length and mass. One of the other constants, 
for instance \, will depend on the unit of length. The remaining two are 
“genuine” universal constants which cannot be eliminated from the theory. 


SUMMARY 


Kaluza’s five dimensional theory of the physical space provides a unitary 
representation of gravitation and electromagnetism. It demands, if consist- 
ently interpreted as a five dimensional theory, the existence of a vector A, 
whose symmetrical covariant derivatives vanish in the whole space. Apart 
from its physical meaning, this assumption seems to be artificial. Furthermore 
the representation of a purely four dimensional continuum by a five dimensional 
one appears not to be sufficiently justified. 

By our generalization we try to eliminate these objections. The hypothesis 
of cylindricity, (i.e. of the existence of a vector A with vanishing symmetrical 
derivatives) is replaced by the assumption that the space is closed in the direc- 
tion of the fifth codrdinate. By this change the basic assumptions of the theory 
are considerably simplified. Furthermore it is much more satisfactory to 
introduce the fifth dimension not only formally, but to assign to it some physical 
meaning. Nevertheless there is no contradiction with the empirical four 
dimensional character of physical space. 


APPENDIX 


Analysis of Tensor Densities 


The tensor density plays, beside the concept of tensors, an important rdle 
in relativistic investigations. Although the concept of tensor densities can 
easily be reduced to that of tensors nevertheless the whole formalism and 
especially the derivation of the field equations from the variational principle 
are considerably simplified if tensor densities are introduced independently. 
Although the analyticul properties of tensor densities have been fully investi- 
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gated’ we shall, in order to make the reading easier, make some remarks on 
the subject. 

A tensor density differs from a tensor by a factor (common to all components) 
having the transformation character of a scalar density. A scalar density 2, 


of the “weight” n is a quantity with the following transformation property: 


az? 


There exist, correspondingly, tensor densities of different weights. (Ordinary 
tensors are tensor densities of the weight zero.) By multiplying two tensor 
densities of the weights m and n we obtain a tensor density of the weight 
(m+n). The rules of a tensor density algebra follow immediately from that 
of the tensor algebra and need not be derived here. 

For the sake of simplicity we shall consider here only quantities in a four 
dimensional continuum; the results are, however, independent of the number of 
dimensions. 

There exist, in every four dimensional space, the two tensor densities of 
Levi-Civita 


(A l) a &) 


Sikim 
(-1) 


and 


Sikim, 

(+1) 
antisymmetric in all indices, the components of which are +1 or —1, depending 
of whether (tklm) is an odd or an even permutation of (1234). Their tensor 
density character follows immediately from the transformation law of tensor 
densities. From the Levi Civita tensor densities the well known Kronecker 
tensor 4; (with components equal 1 if m = m’ and 0 if m # m’) can be ob- 
tained by: 
(A 2) dim 

GD 

We assume in the space under consideration the existence of symmetrical 

components of parallel displacement (the space functions Tj, = T'i;) by which 
the covariant derivatives of a tensor are defined in the usual way: 


(A 3) BE + BEIT + — 


This definition of the covariant differentiation has two essential properties: 


P. It satisfies the rule for the differentiation of products of the ordinary 
culus: 


(AB):s = ° 


"V. Hlavaty, Annalii di Mathematica, V, Ser. IV (1927/28): Théorie des densités dans le 
displacement général. 
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2. The absolute derivatives of the Kronecker tensor vanish identically: 
Sie = 0. 


We shall now define the covariant derivative of a tensor density so that: 

1. The rule for the differentiation of products is preserved; 

2. The absolute derivatives of the co- and contravariant tensor densities of 
Levi Civita vanish identically. 
By direct calculation we confirm that these demands are satisfied by the fol- 
lowing definition: 
(A4) Bie BE, + BECTL — 

(n) (n) (n) (n) (n) 

This is the rule for the differentiation of tensor densities of the weight n. 

If we specialize the space further by assuming that it is Riemannian then 
the components of the parallel displacement are given by: 


(A 5) 49° (Gmi.n + Jni,m — 


and therefore 


n 1 
(A 6) = 5% 9 = | gi |. 
The determinant g is a scalar density of the weight 2. By applying (A 4) 
we get: 


(A 7) Ga te) 
(2) 
Therefore the absolute derivative of +/g and, because of the rule for the differ- 
entiation of products, the absolute derivatives of gmn+/g and of g”"+/g vanish also. 
We shall now show how the tensor densities can be applied in the variational 
process. 
1. The derivation of the equations of gravitation by the variation of Rie- 
mann’s curvature tensor: 


6 | Sdr=0, 
(A 8) 


It was shown by Palatini that the variation with respect to the g*” can be 
simplified, because of the equation: 


(A 9) = (50 — 
which can easily be verified (note that 5%; is a tensor!). Because of 


(A 10a) (VY = — 49°" gas-69”), 
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we have then 


gar = — 49%mR)og"™ dr 
(A 10b) | 
As (g'"-4/—g);: vanishes the integrand of the second integral may be written 
(A 10c) IV —g(g" — im) 
where the square bracket expression K’ is a vector density of the weight 1. 
It follows, therefore, from (A 4) that K' 1 May be replaced by Ki. This 


integral vanishes, according to Gauss’ , AR if the variations of the gu 
and of the I’, vanish on the boundary of the integration region. There remains 
only the first integral of (A 10b) so that the result is 


(A10) Rim — 3G9imR = 0. 


2. Tensor densities in the space of the generalized Kaluza theory. In such 
a space, and in the special codrdinate system, a scalar density of the weight n 
can be defined by the transformation law: 


=p for four-transformations, 
(n) (n) az 

(A 11) 
p = p for cut-transformations. 
(n) 


The transformation law of tensor densities is also determined by this defini- 
tion, i.e. reduced to that of tensors. 

Covariant differentiation of tensor densities: We can expect, because of (A 4) 
and (27), (28), that the following formula expresses the differentiation rule: 


(A 12) (n) (n) (n) (n) 
— 
(n) 


| Siti is a tensor density with respect to four-transformations and invariant 


with respect to cut-transformations. It is, therefore, a tensor density according 
to our definitions. The absolute derivative of this tensor density, given by 
(A 12), vanishes. It can also be seen that (A 12) preserves the rule for the 
differentation of products. 


It follows from our definitions that lg | gmn | is ascalar density of the weight 2 


with the absolute derivatives: 


(A 13) = 9 — Asgo — = 0. 
(2) 


= 


2% 


| 
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(This vanishes because of (27b).) Furthermore the equation holds: 

(A 14) = 0. 

We form the divergence Bi, of a vector density ® of the weight 1. According 
to (A 12) we have 


(A 15a) B:, = A,B*o, 
(1) 


and as A, does not depend on 2° 


(A 15) B, B*, (A,B’)». 
(1) 
It is essential to note here that both terms on the right hand side take the 
form of ordinary derivatives. 
We have now, as in the gravitational theory, to form the variation of the 
integral (Compare (32), (33)) 


(A 16a) V/—99"" 5: Rim dr. 


This integral, however, is to be taken over a region of the variables 2’, 2’ --- 2‘, 
which contains exactly one period of the codrdinate x° (and is arbitrary with 
respect to z' --- 2‘). The Rim are defined by (30a). The variation of this 
quantity takes the form: 


(A 16b) 5Riim = (8T — — + 


The variation of this integral gives, as far as the variation of the factor g*”-~/—g 
is concerned, the contribution: 


(A 16c) V— + 4Rmi — dr. 
The variation of R‘,im gives, because of the two last terms in (A 16b), 


The first two terms on the right hand side of (A 16b), however, do not give 
any contribution. The proof is similar for both terms; we shall, therefore, 
show it only for the first one. The integrand 


can, because of 
(/—9-9°"):m = 0, 
(following from (A 13), (A 14)) be brought into the form: 


(1) 
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But such an integral vanishes because of (A 15). It does so partially because 
the variations vanish on the x*-boundaries, partially because of the periodicity 
of B" with respect to z°. The final result of the variation is: 


(A 16) | (Rim + — + Tino — Vem dr, 


where the 6g*” depend arbitrarily on 2’, z°, the 6A, however only on 2°. 
The calculations applied in the derivation of the identities are quite similar. 


INSTITUTE FOR ADVANCED StTupy. 


| 

4 | 

| 

| 

> the 

f the | 

| 

| 
with 
this 
/-9 


